CHUYEN ol BAT BANG THl/C 


DONG TAM SU 


Giot nddc ben them khe lang tham rdi diu diu vd nhanh dan theo nhdng 
giai dieu vu vi phat ra tit cay dan ghi-ta da cu, nhdng not nhac du dddng 
nhd hda vao tarn sd cua ngitdi dang chlm vao noi co ddn khi nhd vi mot 
ngay da xa.... 

Thang 9, mua khai tritdng cua bao co cau hoc trd sau nhdng thang he ron 
ra, vui tddi. Dda thi gap ban cu mieng cd Hu ra Hu rit nhdng cau chuyen 
trong nhdng thang ngay khong gap, dda thi gap lai thay co tay bat mat mdng 
nhd vda tim thdy thd gi do than quen sau bao ngay xa each. Co nhdng cd 
cau lai khan goi chuan bi hanh trang, xa con dddng lang quen thuoc van 
thddng dap xc cung nhau di hoc, xa cai thon que ndi chda day ki niem de 
bat dat dau hanh trinh mdi chinh phuc ddc md vd hoai bao. 

Ldp hoc trd ra di, lai co Idp hoc trd mdi lai vao, nhdng nhip cau cd noi tiep 
nhau cho bin bd tri thde. Chi con dong lai ndi day, mot tinh yeu nong dm, 
mot sd gan ket vd hinh trong cuoc song nay day. 

Toi bat dau hoc Than tit thd nhd, luc i a dem 1,2. Quyen so toi ghi vi nhdng gi toi hoc, 
cd mdi ngay lai them day hdn, mii mdt trang la mot chang dudng, la hanh trinh toi di 
tim tinh yeu $ich three cua ddi minh. Neu hoi tdiJWisao tdi mm yeu Toan the ?", toi 
cung chi biet rang do cit nhit thoi quen sau nhdng gid cang thang, laf sit "rnuamm " tudng 
thddng cho ban than minh mot goc toi binh yen. 

Tit nhdng gi edn dong lai sau nhdng thang ngay hoc tap tren ghe nhd trddng, 
tdi da co gang chon loc vd tong hdp lai nhdng bai toan, nhdng each chdng 
minh dac sac nhat de hoan thanh chuyen di 
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Bai viet nay, tac gia da chon loc nhdng bai toan trong cac ki, thi thd cfai hoc td cac trddng 
THPT, cac dien dan online va cac trung tam day them chat luOng de bmn soan lai thanh 
mot chuyen de danh cho nhdng ngddi dam me bat dang thde noi chung va cac ban on thi 
dai hoc noi rieng. Dong thdi, day cung la mon qua nho, xin dddc danh tang cho dien dan 
www.k2pi.net nhd la mot hoi dc dep sau hdn mot nam dai gan bo cung cac anh, cac chi, 
du khong gap nhau nhdng chung ta luon co sd gan ket vo hinh lai, bdi le, chung ta da Id 
yeu tdan mat rdi! 

Bdi viet dddc tac gid viet voi trong nhdng ngay he de hoan thanh kip 
mdng sinh nhat Ian thd nhat cua dien ddn www.k2pi.net nen chac hdn 
edn nhieu sai xot, mong nhan dddc sd gop y cua ban doc gan xa qua dia 
chi:ngohoangtoanl 994@gmail.com hoac www.k2pi.net. 
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1 MOT SO bAt DANG THJjC CO BAN 


1.1 Bat dang tlntc AM-GM 



1.1 Bat dang thufc AM-GM 


Phat bieu 1.1: Bat dang thiJc AM-GM 

Cho ai, a 2 ,..., a n la cac so thifc khong am thi ta co: 



ai + a 2 + ... + a n > ntyaia 2 -..a n . 

(1.1) 

Dang thiic xay ra khi va chi khi a\ = a 2 = ... = a n 


Tuy nhien, khi giai toan ta hay quan tam nhieu den trrfdng hop n 

= 2va n = 3. Ma ta thrfdng 


dtfOc biet den dubi phat bieu: 

11.1 Cho a, b > 0. Khi do ta co: a + b > 2 -\/ab. Dang thdc xay ra khi va chi khi: a = b. 
Bat dang thdc nay con difOc viet drtdi dang khac ttfdng drfdng la: 



• (a + b ) 2 > 4 ab 

• a 2 + b 2 > 2 ab 


| 2. | Cho a,b,c> 0, khi do ta co: a + b + c> 2>\fabc. Dang thdc xay ra khi va chi khi a = 
Bat dang thtrc nay con co mot so tmg dung khac kha pho bien nhu sau: 

VSi moi so thrfc a, b, eta luon co: 

• a 2 + b 2 + c 2 > ab + be + ca 


-b 2 4 


(a + b + cy 


• (a + b + c) 2 > 3 (ab + be + ca) 

• a 2 b 2 + b 2 c 2 + c?a 2 > abc (a + b + c) 

• (ab + bc + ca) 2 > 3 abc (a + b + c) 


b = c. 


1.2 Bat dang thufc Cauchy-Schwarz 
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1.3 Bat dang thiic Minkowski 


1 MOT SO BAT DANG THIjC CO BAN 



Bat dang thut Cauchy-Schwarz dang Engel 

Gia sii ai, a 2 ,a n la cac so tlntc bat ki va bi, b 2 ,..., b n lh cac so tlntc ditdng . 

t• a ' i ~ - °i 2 , ° 2 2 , . (ai + a 2 + ... + a n ) 2 

Khi do ta luon co -h -- V ... + — > -^-r-;- 

h b 2 b n ~ b 1 + b 2 + ...+b 


Dang tlidc xay ra khi va chi khi— = — - 

h b 2 


b n 


Tuy nhien,khi giai toan ta hay quan tam nhieu den tixfdng hop n = 2va n = 3. Khi do ta gap 
mot so danh gia quen thuoc sau: 

Cho a,b,c> 0 ta co: 

2 , 1.2 , 2 ^ (° + b C ) 

• a 2 + b 2 + c 2 > ----— 


> (a + b + c) 


3 

1 1 1 \ 

- + t +- > 9 

a b 


1.3 Bat dang thiic Minkowski 


Phat bieu 1.3: Bat dang thiJc Minkowski 


f aq, a 2 ,..., a n E M + 

va 1 < p E Q + thi ta co : 

b h b 2 ,...,b n em + 


1 1 


1 

(e^V+(e^ 

(a* *:+ bk) p 

p 

\fc=i / Vfc=i / 

_k= 1 



Nhitng ta quan tam nhieu nhat la cac bat dang thde quen thuoc sau: 

• Va 2 + 6 s + Vc 2 + d 2 > + cf + (6 + df 

• \/a 2 •h i 2 + C 2 + s/m 2 + n 2 + p 2 > \J{a + m) 2 + (b + n ) 2 + (c + p) 2 

• \/oi 2 + b / 2 + \/a 2 2 + b 2 2 +... + \Ja n 2 + b v 2 '>‘\j (ai + a 2 + cn n ) + (b\ + b 2 + ... + b n ) 
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2 bAt DANG THJjC QUA CAC K1 THI DAI HOC 2007-2013 


2 bAt DANG THLfC QUA CAC KI THI DAI HOC 
2007-2013 



Ldi giai: 

Theo bat dang thdc AM — GM ta co : 

x 2 (y + z) > 2 x 2 y/yz = 2xyfx 


Titdng tit ta co: 

( y 2 (z + x) > 2 Vy /y 
\z 2 (x + y) > 2zyfz 
Ta tim gia tri nho nhat cua bieu thdc : 


p > 2x Vx + 2 vVy + 2z Vz 

- Vy/V + 2z y/z Zyfz + ^Xy/x Xyfx + 2 y^fy 

Dat a = xy/x + 2y^/y; b = y^/y + 2 zy/z; c — zyfz + 2xyfx 

n _ 4c + a — 2b 4a + b — 2c ,. 4b + c — 2a 

Suy ra: xy/x =---; yjy =---; Zy/z =- 

^ ^ 2/4 c + a — b 4a+ 6 —2c 46 + c —2a\ 2 

9 \ b c a ) 9 

=^P> ^(4.3 + 3 — 6) = 2 
Dang tilde xay ra khi va chi khi: x = y = z — 1. □ 




Ldi giai: 

Ta co: 


Ma ta co: 


p _ x 2 + y 2 + 
2 

x 2 T y 2 T z 2 


z 2 x 2 + y 2 + z 2 
xyz 

> xy + yz -\- zx 
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2 bAt DANG THIjC QUA CAC KI THI DAI HOC 2007-2013 


nen 



t 2 1 

Xet ham so:/ (t) = — + j vdi t > 0. 

2 * 3 
Lap bang bien thien cua / ( t ) ta suy ra:/ (i) > -, Vt > 0 

9 , 

Vay gia tri nho nhat cua P la -.Dang thtfc xay ra khi va chi khi x — y — z — 1. 


□ 



Ldi giai: 

Bat dang thtic da cho trfdng duong vdi: 


(l + 4 a ) 6 <(l + 4 6 ) a ^ 


In (1 


|- 4°) < In (1 + 4 fe ) 
— b 


Xet ham so f (x) = ^ ^ ^ vdi x > 0. Ta co: 


4*^4*- (1 + 4*) In (1 + 4*) 

=----—--- < 0 

x 2 (1 + 4*) 


=7 f (x) la ham nghich bien tren khoang ( 0 ; +oo). 

Do / (x) nghich bien tren khoang (0; +oo) .va a > b > 0 nen f (a) < f (b). 
Phep chrfng minh hoan tat. 


□ 



Ldi giai: 

Ta co: P = 


2 (x 2 + 6 xy) 


2 (x 2 + 6 xy) 


1 + 2 xy + 2 y 2 x 2 + y 2 + 2 xy + 2 y 2 
Neu y = 0 ta co x 2 = 1. Suy ra P = 2 

2t 2 + 12t 


Neu u/0 dat x = ty, khi do: P — „ 

y r ' y ’ t 2 + 2t + 3 

3 

Vdi P = 2,phrfdng trinh (l)co nghiem t = -. 


<=> (P - 2 ) t 2 + 2 (P - 6 ) t + 3P = 0 (1) 


Vdi P 7 ^ 2,phildng trinh (1) co nghiem khi va chi khi: 

A' = —2P 2 - 6 P + 36>0<^-6<P<3 

3 1 3 1 

Gia tri ldn nhat P = 3 khi x = —=; ?/ = —== hoac x =- -=: y =-= 

VlO Vw ' v^o yio 
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2 bAt DANG THJjC QUA CAC K1 THI DAI HOC 2007-2013 


Gia tri nho nhat P = — 6 khi x — 


3 

7rl ;y 


2 „ 3 2 

-p= hoac x = - 7 =; y = —== 

\/l3 a/13 a/13 


□ 



Tdi giai: 

Ta co: |P| = I (* ~ ») ~ *») I < ± y) (1 + Xy) 

|(l + x) 2 (l + ?/) 2 | \(x + y) + (1 + xy)\ 

Khi x — 0, y = 1 thi gia tri ldn nhat cua P = — 

Khi x — 1, y = 0 thi gia tri nho nhat cua P = - 

Phep cluing minh hoan tat. 


2 


1 1 „ 

; T -7 < P < 

4 4 


1 

4 


□ 



Ta co: 

P = 2 (a; + y) (x 2 - xy + y 2 ) - 3 xy = 2(x + y)(2 — xy) - 3 xy 
t 2 -2 

Dat t — x + y. Do x 2 + y 2 = 2 nen xy — —-—. 

Suy ra: 

( t 2 - 2\ t 2 -2 .. 3 9 

P = 2t ( 2-- 3-= - 1 3 - -t 2 + 6t + 3 

\ 2 ) 2 2 

Do (x + y) 2 > Axy nen t 2 > 2 (t 2 — 2) =>- — 2 < t < 2 

Xet ham so: / (t) = —t 3 — ^ t 2 + 6t + 3 vdi — 2 < t < 2 

13 

Lap bang bien thien th do suy ra gia tri ldn nhat P = — va gia tri nho nhat P = —7. □ 



Lcfi giai: 

Dat a = x + y, b — y + z, c = z + x 

Dieu kien bai toan trb thanh: c 2 = a 2 + b 2 — ab 

Bat dang thrfc can chtmg minh trfdng drfdng vdi: a 3 + b 3 + 3 abc < 5c 3 a, b , c la cac s 6 thrfc 
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2 bAt DANG THIjC QUA CAC KI THI DAI HOC 2007-2013 


cliTcing thoa man dieu kien tren. 

c 2 — a 2 + b 2 — ab — (a + b) 2 — 3ab > (a + b) 2 — ^(a + b) 2 = -^(a + b) 2 => a + b < 2c 

a 3 + b 3 + 3 abc < 5c 3 
(a + b) (a 2 + b 2 — ab ) + 3 abc < 5c 3 
(a + b)c 2 + 3 abc < 5c 3 
(a + b) c + 3 ab < 5c 2 

Ma a + b < 2c nen (a + b) c < 2c 2 va 3a&c < 3. - c < 3c 2 . 

Suy ra dieu phai chdng minh. □ 


De thi dai hoc khoi B-2009 


Cho cac so thilc thay doi x, y thoa man (x + y) 3 + Axy > 2 .Tim gia tri nho nhat cua bieu 
thdc : 

A = 3 (x 4 + y 4 + x 2 y 2 ) — 2 (x 2 + y 2 ) + 1 

Lcfi giai: 

Ket hpp (x + y) 3 + 4 xy > 2 va (x + y) 2 > 4 xy. Suy ra: 

{x + y) 3 + {x + y) 2 >2^x+y>l 

A - 3 (x‘ + y 4 + x 2 y 2 ) - 2 (x 1 - if) — I — ^ (x 2 - y 2 ) 2 - ^ (x 4 + y 4 ) - 2 (x 2 + y 2 ) - 1 

> §bW) 2 + ®P 2 + y 2 ) 2 - 2 P 2 + !/ 2 ) +1 

jp 2 + y 2 ) 2 - 2 (z 2 + y 2 )+l 

Dat t — x 2 + y 2 ta co x 2 + y 2 > ^ x ~^y^ — i = 4 . £ > i;do do A > |V 2 — 2£ + 1 

9 9 1 

Xet ham so / (t) = -t 2 — 2t + 1; f (t) = -t — 2 > 0 vdi moi t > 

9 1 _ 

Vay gia tri nho nhat cua A la — khi x = y = -. □ 



-Left giai: 

t-,. , . In a In b 

Bat dang thuc can chUng mmh tUOng dUOng vdi: —- < —-- 

a 2 + 1 b 2 + 1 

lnt ^(t 2 + l) -2tlnt 

Xet ham so / (t) = —— ,.f e (0; l).Ta co: f (t) = — - _|_ -^2 -> 0,V£ G (0; 1) 

Do do / ( t ) la ham dong bien tren (0; 1). 
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2 bAt DANG THJjC QUA CAC K1 THI DAI HOC 2007-2013 


Ma 0 < a < b < 1, nen f (a) < f ( b ). Suy ra dieu phai chrfng minh. 


De thi dai hoc khoi D-2009 


Cho cac so thrfc khong am x, y thoa man x + y = l.Tim gia tri ldn nhat va gia tri nho 
nhat cua bieu thtic: 

S = (Ax 2 + 3 y) (Ay 1 + 3x ) + 25 xy 


Ldi giai: 

Do x + y = 1, nen 

S = l§x 2 y 2 +V2 (x 3 + y 3 ) +9xy+25xy = 16x 2 y 2 +12 [(x + y) 3 — 3 xy (x + y)\ +3Axy — 16x 2 y 2 —2xy+12 


Dat t = xy, ta drfdc S = 16 1 2 — 21 + 12ta co 0 < xy = t < 


(x + yf 


= - Ta tien hanh khao sat 


ham so tren va tim drfdc gia tri nho nhat cua S la 

Gia tri ldn nhat cua S = — khi (x:y) = (- 
2 ^ V 2 2 


191 


De thi cao dang-2010 



Ldi giai: 

m „ 1 1 1 2 „ fl 2 4 8 

Ta co: A — —K — : ^ —I--> 2< —. -— — > - - 

x Jxy x x + y \ x x + y ^J2x (x + y) 3 x + y ' 

Dang thrfc xay ra khi va chi khi: x = y = —. 


De thi dai hoc khoi B-2010 


Cho cac so thrfc khong ama, b, c thoa man a + b + c = l.Tim gia tri nho nhat cua bieu 
thtic : 


M = 3 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) + 3 (ab + bc + ca) + 2\/a 2 + b 2 + c 2 


Ldi giai: 

Ta co: M > (ab + bc + ca) 2 + 3 (ab + bc + ca) + 2y/l — 2 (ab + bc + ca) 

Dat t — ab + be + ca ta co 0 < t < ^ ^. 

Den day ta khao sat ham so : 

/ ( t) — t 2 + 3t + 2\/\ — 21 tren j^O; ^ , ta co :/' (t) — 2t + 3 — ^ 

f" (t) = 2- . < 0 suy ra f ( t) nghich bien nen f (t) > f ( J J = ^ - 2\/3 > 0 

\/(l - 2 if V 3 / 3 
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2 bAt DANG THIjC QUA CAC KI THI DAI HOC 2007-2013 


Suy ra f (t) la ham dong bien nen /(£)>/( 0 ) = 2 

Vay gia tri nho nhat cua M la 2 xay ra khi (a; 6 ; c) = (1; 0; 0), (0; 1; 0), (0; 0; 1) □ 



Lcfi giai: 

Dieu kien —2 < x < 5 

Ta co (— x 2 + Ax + 21) — (— x 2 + 3x + 10) = x + 11 >0 suy ra y > 0 y 2 = (x + 3) (7 — x) + 
(x + 2) (5 — x) — 2^J(x + 3) (7 — x) (x + 2) (5 — x) 

= (V (* + 3) (5 - x) - yj{x + 2 ) (7-a;))' + 2 > 2 

Suy ra y > \[2 dang thrfc xay ra khi x = -. □ 


De thi 

dai hoc khoi A-2011 


Cho x, 

y , zla ba so thrfc thuoc doan [1; 4]va 

x > y, x > z.Tim gia tri nho nhat cua bieu 

thrfc 




P- x 4 

y | * 


2 x + 3y 

y+ z z+x 

Ldi giai: 



Trrfdc het 

ta chrfng minh: —-- 1 - —-— > - 

a + 1 6+1 “ 14 

^ . _ trong do a va 6 drfdng, a 6 > 1 

■ vo 6 ^ 

That vay: 

bo de tren trfdng drfdng vdi {^/ab - 

- 1 j (^\fa — \fbj > 0 dung vdi a va 6 drfdng, 

ab > 1 . 


Trd lai bai toan ap dung bo de tren vdi moi x , y thuoc doan [1; 4] va x > y , ta co: 


2x + 3y 1+ t 


1 + £- 2+ % T ! /£ 
2 I V B 


Dang thrfc xay ra khi va chi khi - = — hoac x = y (1) Dat t = , , t 6 [1; 2]. Khi do 

V z ■ V V 


t 2 2 

P > -1- 

“ 2t 2 + 3 1 + t 


Xet ham /(,) = *!_ + = -2[f(« - 3)+«(«-)+ 9] „ 

W 2t 2 + 3 1 + t’ L J,J w (2t 2 + 3) 2 (1 + 1) 2 

Trf do suy ra / (t) > / (2) = —. Dang thrfc xay ra khi x = 4, y = 1, z = 2. 
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2 bAt DANG THJjC QUA CAC K1 THI DAI HOC 2007-2013 


De thi dai hoc khoi B-2011 


Cho a, bla cac so there duong thoa man 2 (a 2 + b 2 ) + ab = (a + b) (ab + 2). Tim gia tri nho 
nhat cua bieu thhc 


Ldi giai: 

Vdi a, b dudng, ta co: 2 (a 2 + b 2 ) + ab = ( a + b ) (ab + 2) <+> 2 (a 2 + b 2 ) + ab = a 2 b + ab 2 + 

2(a + 6)«2^ + ‘j + U(« + l) + 2^ + ij 

Theo AM-GM ta co: (a + 6) + 2 Q + i) > 2^2 (a + b) Q + = 2 

„ a & 5 

Suyia: b + a^2- 

Dat t = ^ t > Suy ra: P — 4 (t 3 — 3t) — 9 (t 2 — 2) = At 3 — 9 1 2 — 12 1 + 18 
Xet ham so / ( t ) = 4t 3 — 9t 2 — 12 1 + 18, t > ^ 

Ta co: /' ( t ) = 6 (2t 2 - 3t - 2) > 0 

23 

Suy ra gia tri nho nhat cua P la — —khi (a; b) = (2; 1) hofic (a; b) — (1; 2). □ 



Ldi giai: 

Ta cluing minh: 3* > t + 1, Vt > 0 

Xet ham so f (t) — 3* — t — l,ta co /' ( t ) = 3* In 3 — 1 > 0, Vt > 0 va / (0) = O.Suy ra 
3* > t + 1, Vt > 0 dung. 

Ap dung nhan xet tren ta co: 

3l*^l + 2>\ y ~ z \ + 3l*" x l >Z + \x-y\ + \y-z\ + \z-x\ 

Ap dung bat dang thiic |a| + | 6 | > |a + b\, ta co: 

(\x~y\ + \y - z\ + \z-x\) 2 

= \x- y\ 2 +\y - ^l 2 +k - A 2 +\ x - y\ (I y - A +1* - A)+\v - A (I* - A -H* - y\)+\ z ~ x \ (\ x -v\ + \y- 

>2(\x-y\ 2 + \y-z\ 2 + \z-x\ 2 ) 

Do do \x - y\+\y - z\+\z — x\ > ^2(\x- y\ 2 + | y — z\ 2 + \z — x \ 2 ) = \J 6x 2 + 6 y 2 + 6z 2 - 2(x + y + z) 2 . 
Ma x + y + z — 0, suy ra \x — y\ + \y — z\ + \z — x\ > y/ftx 2 + 6 y 2 + 6 z 2 . 

Suy ra: P = $ x ~ y \ + 3^1 + 3^1 - y/6x 2 + 6y 2 + 6z 2 > 3 

Dang thiic xay ra khi x = y = z = 0. □ 
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2 bAt DANG THIjC QUA CAC K1 THI DAI HOC 2007-2013 



Lcfi giai: 

Vdi x + y + z = 0 vh x 2 + y 2 + z 2 = 1 ta co: 0 = (x + y + z'f — x 2 + y 2 + z 2 + 2x (y + z)-\-2yz = 
1 — 2x 2 + 2yz nen yz — x 2 — - 

if + z 2 1-x 2 2 1 1 - x 2 a/6 V6 

Mat khac, yz < —-— = —-—, suy ra x — - < —-— do do —— < x < —— (*) 
,y_ 2 2 2 ~ 2 3 “ “ 3 w 

Khi do: 


P = x 5 + (y 2 + z 2 ) (y 3 + z 3 ) - y 2 z 2 (y + z) 

= + (l - x 2 ) [( y 2 + z 2 ) (y + z)- yz (y + z)\ + fx 2 - 0 x 

— x 5 + (l — x 2 ) J ^—x (l — x 2 ) + x ^x 2 — ^ | + ^ x 2 — x = ^ ( 2x 3 — x) 


Xet ham so f (x) = 2x 3 —x vdi — ^ < x < ^ . Suy ra f ( x ) = 6 x 2 — 1; /' (x) = = 


V6 




y/6 . ( a/ 6 \ 


V6\ V6 


T ^ 6 - n-~)= f {-) = ~ J {-) = f {--) = t 

Do do f (x) < -^.Suy ra P < khi x = y = z = thi dang thhc xay ra. □ 


De thi dai hoc khoi D-2012 


CCho cac so thuc x, ?/th 6 a man (x — 4 ) 2 + (y — 4 ) 2 + 2 xy < 32.Tim gia tri nho nhat cua 
bieu thhc : 

A = x 3 + y 3 + 3 (xy — l)(x + y — 2). 


Ldi giai: 


Ta co: (x — 4 ) 2 + (y — 4 ) 2 + 2 xy < 32 <£> (x + y ) 2 — 8 (x + y) <0o0<x + y< 8 . 
A = (x + y) 3 — 3 (x + y) — 6 xy + 6 > (x + y) 3 — + y) 2 — 3 (x + y) + 6 

3 

Xet ham so f (t) = t 3 — -t 2 — 3t + 6 tren doan [0; 8 ] 


Ta co f ( t) = 3 1 2 — 3t — 3, f(t) = 0 •$=>• t = 


1 + \/5 


1 - V5 


(loai) 


Ta co: / (0) = 6 , / 


1 + V&\ 17 — 5\/5 


,/( 8 ) = 398 


Suy ra ^4 > Khi x — y = thi dang thhc xay ra. 

,,,,,,, 17-5^5 
Vay gia tri nho nhat cua A la---. 


□ 
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2 bAt DANG THJjC QUA CAC K1 THI DAI HOC 2007-2013 


De thi dai hoc khoi A-2013 


Cho cac so thrfc drtdng a, b, c thoa man dieu kien (a + c)(b + c) = 4c 2 .Tim gia tri nho 
nhat cua bieu thiic 

32a 3 

32 b 3 yM+¥ 

-(- —-—— — - 

(b + 3 c ) 3 

(a + 3c ) 3 c 


Ldi giai: 

Dat x — y — -.Ta drfdc x, y > O.Dieu kien bai toan trd thanh xy + x + y = 3.Khi do 


r +■ 


32 y 3 


(y + 3 ) 3 (x + 3 ) 3 


- yjx 2 + y 


Vdi moi u, v > 0 ta co u 3 + v 3 — (u + v)(u 2 — uv + v 2 ) > -(u + v) 3 . 


32 y s 


y + 3 + x + 3 


(y + 3 ) 3 (x + 3 ) 3 

Thay xy = 3 — x — y vao bieu thu'c tren ta ditdc 


(x + y) 2 — 2 xy + 3x + 3y 
xy + 3x + 3y + 9 


32 y s 


>8i (x+ ar 1)(x+ n +6) ) =(x +y -if 


(y + 3 ) 3 (x + 3 ) 3 \ 2(x + y + 6) 

Dat t = x + y suy ra t > 0 va P > (t — l ) 3 — \Jt 2 + 2t — 6 
Taco3 = x + y + xy<x + y+ -— t > 2 

Xet ham so f(t) — (t — l ) 3 — y/t 2 + 2t — 6 vdi t > 2. 

t + 1 


Ta co f(t) = 3(t — l ) 2 — 


t 2 + 2t — 6 


Vdi moi t > 2 ta co 3 (t — l ) 2 > 3; - 


t + 




’ t 2 + 2t 

fit) > 0 . 

Suy ra f(t) > /( 2 ) = 1 — y/2.Do do P > 1 — y/2. 

Vay gia tri nho nhat cua P = 1 — y/2 khi x = y = 1 hay a = b = c. 


7 I 7 3y/2 

(i+ iF7 -v 1+ rT n6n 



Ldi giai: 

Theo bat dang thdc AM — GM ta co 

, . N n - —rj-. -— T ^ . a + b + 4c a 2 + b 2 + 2 ab + 4 ac + Abe 

(a + b)y/(a + 2c)(b + 2c) < (a + b) ---=--- 

Dat t = y/a 2 + b 2 + c 2 =>t>2vaP<^ - 

5 

Khao sat ham so tren ta tim drfdc gia tri ldn nhat la - khi a = b = c — 2. 


< 2 (a 2 


-c 2 ) 
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2 bAt DANG THIjC QUA CAC K1 THI DAI HOC 2007-2013 



y - 1 _ 

l 

(1 

r 

y 2 

4 

u 

2 


1 

< - 
“ 4 


Ldi giai: 

x 

Do x, y > 0 nen 0 < — < 

y 

^ x 1 „ t + 1 t- 2 

Dat t = - suy ra 0 < t < -.Khi do P = — --r. 

y y ~ ~ 4 t 2 -1 + 3 6(t + 1) 

■^5 T 

Khao sat ham so tren ta ditdc gia tri ldn nhat cua P = — + —. 


□ 


©Ngo Hoang Toan 


Trang 14 













3 TUYEN TAP bAt DANG THLfC 3.1 Bat dang thi'fc trong ki thi thi't cac trtfdng 



3.1 Bat dang thrfc trong ki thi thtf cac trtfdng 


Baidoanj 

[T] ChooXc, d, e la cac so thuc duong thoa man a + b + c+d + e = 1 , trong do e la so 
nho nhat.Tim gia tri ldn nhat cua bieu thrfc 

P = abc + bed + ede + eda + eab 

De thi thvC Ian 1 chuyen DHSP Ha Ndi 


Ldi giai: 

Gia snf e = min{a, b, c, d, e} ap dung AM-GM ta co 

P = bc(a+d-e)+e(a+c)(b+d) < ( ^ + c +d^ +a - e \ 3 +e f a + b + c + d \ 2 fl^2e (1 


Do do chi can chrfng minh 


1 — 2 e\ /1 — e\ 1 

—) +e M ^5 


Bat dang tlnfc nay dung do - — ( -—— 
5 V 3 


1 — e 
2 


(5e — 1) 2 (8 + 5e) . 
2700 


Dau ” = ”xay ra khi a = b = c— d = e — - 


1 




,Bai toar® 

2]7^ cax^o thrfc ducing a, b, c, d.Chrfng minh bat dang thrfc. 

abed 

-+ -- 1 - 1 -> 2 

b + c c + d a + d a + b 


De thi thi£ Ian 4 chuyen DHSP Ha Ndi 


Ldi giai: 

Sii dung bat dang thrfc AM — GM ta dupe : 

. a b c d ^ n 

A = --1-- 4 -; H-r A 2 

b+c c+d a+d a+b 

a c b d a 2 + ad + be + c 2 ab + b 2 + d 2 + cd 

b +c + a+d +c +d +a + b (c + b){a + d) (a + b) (c + d) 

A > 4(a 2 + ad + bc + c 2 ) + 4 (ab + b 2 + d 2 + cd) > ^ 

(a + b + c + d) 2 

& 2a 2 + 2 b 2 + 2c 2 + 2d 2 - 4ac - Abd > 0 
(a — c) 2 + (b — d) 2 > 0 

Dang thrfc xay ra khi a = c]b = d. 
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3.1 Bat dang thiic trong ki thi thvt cac trvtdng 3 TUYEN TAP bAt DANG THLfC 


cac so thuc duong x, y thay doi thoa man x + 2y = 1. Chilng minh rang 


11 25 

x y ~ 1 + 48 xy 2 


De thi thvt Ian 5 chuyen DHSP Ha Noi 


Ldi giai: 

Nhin chung bat dang thiic nay chang qua chi la viec the bien x theo y va bien doi quy dong 
dua ve chilng minh. 


1 1 ^ 25 

1-2 y + y~ 1 + 48i/ 2 (l — 2y) 


Quy dong len ta dua bat dang thiic ve ( 12 y 2 — 7y + l ) 2 >0. □ 

la cac so during thoa man x > y; x > 2 .ChUng minh rang 

g +1 | y +1 | z + 1 < % + y + ^ 
y +1 ^+1 x + l ~y z x 

De thi thvt Ian 6 chuyen DHSP Ha Ndi 

Ldi giai: 

Bat dang thUc can cluing minh tUOng duong vdi : 



<* - ^ +(»■- 1 •' s o 


J xy(x + l)(y+ 1 ) 


'yz(y + l)(z + l) '' 


Do x > y va x > z. 

Nen tacodieu phai cluing minh.Dang thiic xay ra khi x = y — z. 

| Bai toanj 

[5] Cho cac sb a, b,c,d E [0; 2] .Chhng minh bat dang thiic: 


□ 


Di thi thvt Ian 7 chuyen DHSP Ha Ndi 


Ldi giai: 

Tit giai thiet suy ra \a — b\ < 2 =>■ (a — b) 2 < 4 =>• (a + b) 2 < 4 + 4 ab => a + b < 2 \/ab + 1 
Tudng tu cho cac bat dang thiic con lai,cong ve theo ve ta dude dieu phai chilng minh. □ 

f Bai toan j 

| 6 | Ch(H^^ la cac so thUc duong thoa man a 2 + b 2 + c 2 + 2 abc = 1.Chilng minh rang 
a 2 + b 2 + c 2 > 4 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) 

Di thi thvt l&n 1 chuyen KHTN Ha Noi 

textbfXdz giai 1 Vdi gia thiet a, b, c dUdng thoa man a 2 + b 2 + c 2 + 2 abc = 1. Dieu nay khien 
chung ta lien tudng den mot dang thiic trong ludng giac, do la 


cos 2 A + cos 2 B + cos 2 C + 2 cos A cos B cos C — 1 
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3 TUYEN TAP bAt DANG THLfC 3.1 Bat dang thitc trong ki thi thit cac trtfdng 


vdi A, B, C la ba dinh mot tam giac(rieng bai toan nay la tam giac nhon). 

Do do, vdi gia thiet bai toan nlnr vay se luon ton tai mot tam giac nhon ABC sao cho a - 
cos A.b = cos B,c — cos C va BDT drfdc viet lai 


cos 2 A + cos 2 B + cos 2 C > 4 ^ cos 2 B cos 2 C 


Day la mot BDT kha manh. Dgn day, mot suy nghl co le gan nhat la sd dung cac BDT quen 
thuoc sau day cua lrfdng giac 


cos 2 A + cos 2 B + cos 2 C > - 
i 4 

cos ^4 cos .B cos (7 < - 


Nlnmg khong may, BDT da bi doi chieu. Vi the, chung ta phai nghl tdi mot hildng suy nghl 
khac (them bdt gi do, hay tim each dat an mdi, ...). Mot dieu thu vi, ta co dang thitc cos 2 A = 
cot ^ 

cot 2 A. sin 2 A = — 5 —-. Cho nen, tiep tuc dat x = cot A.y = cot B.z — cot C, BDT tren 

cot 2 A +1 > v ■ . 

trd thanh 

vdi gia thiet mdi x, y, z ducing thoa man xy + yz + zx — 1. Khi ay, ta lai co 
x 2 + 1 = x 2 + xy + yz + zx — (x + y) {x + z) 

BDT (1) dupe viet lai difdi dang 


' (x + y)(z + x) 


= 4 E 


(x + y) 2 {y + z)(z + x) 


x 2 {y + z ) > 

^ ^ x + y 


Den day thi nhe nhang hdn nhieu roi dung khong! Sit dung BDT Cauchy — Schwarz ta co 
4 N ^ 9 

- <- 1 -, va tiftjng tit roi cong lai theo ve ta co dieu phai chilng minh. Dang thitc 

x + y x y 

xay ra khi va chi khi a = b — c — □ 

Nhil vay, phep dat ma ta quan tam do chinh la xuat phat tit dang thitc litdng giac sau: 


cos 2 A = 


cot 2 A 


cot 2 A _ 

cot 2 ^4 + 1 (cot^l + cotS) (cot A + cotC) 


Ldi giai 2 

Chung ta viet lai bat dang thitc nhit sau : 

(a 2 + b 2 + c 2 + 2 abc){a 2 + b 2 + (?) > 4(a 2 6 2 + b 2 c 2 + c 2 a 2 ) 

<+ a 4 + b 4 + c 4 + 2 abc(a 2 + b 2 + c 2 ) > 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) 
Sit dung bat dang thitc Shur ta co : 

a 4 + b 4 + c 4 + abc(a + b + c) > 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) 
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3.1 Bat dang thiic trong ki thi thvt cac trudng 3 TUYEN TAP bAt DANG THLfC 


Bay gicJ,chung ta chdng minh: 

2abc(a 2 + b 2 + c 2 ) > abc(a + b + c ) a + b + c + Aabc < 2 (1) 

1 3 

Tuy nhien, (1) dung, bdi vi ta co : abc <-, a + b + c < - 

Vi vay,bat dang thdc drfdc chilng minh. □ 


Ldi giai 3 Sii dung bat dang thdc USAMO ta co : a 2 + b 2 + c 2 + ab + be + ca < - Sd dung 
bat dang thde tren,ta co : 

(a 2 + b 2 + c 2 )(a 2 +b 2 + c 2 + ab +be + ca) > 6 {a 2 b 2 + b 2 c 2 + c 2 a 2 ) 

-<=^ ^ a 4 + ^ ab(a 2 + b 2 ) + abc ^ a > 4 ^ a 2 & 2 

«=► ^ 5Z(° 2 _ fe2 ) 2+ ab ( a ~ b Y-\Yl c2 (° ~ h f ^ 0 

-<=^ ^(a — &) 2 (a 2 + 5 2 + 4 ab — c 2 ) > 0 

Bat dang thde tren dung khi sd dung SOS chdng minh. □ 

Nhan xet:bat dang thde nay kho,neu rdi vao mot ki thi dai hoc thi han rmfbi muoi thi 


sinh se bojihung nhin chung d day la each dat dai so quen thuoc a = 


'“/o. v “ = 


xy 

1 0 + y)(y + z) Y ( x + Z )(y + Z Y 

cho vao mot ki thi hoc sinh gioi ■ 


Vo 


a = {l 


yz 


(x + y)(x + z)’ 
De nay khong may thiet thuc khi thi dai hoc,nen 

□ 


Bai^oanJ 


[YjChoT^T la cac so thuc during thoa man x + y + z = 4xyz. Chdng minh rang 

1115 

x{y + z) y(x + z) z(x + y ) x + y + z 

De thi thv£ Ian 2 chuyen KHTN Ha Noi 

Ldi giai 1 

Ta viet lai gia thiet thanh:- 1 - 1 -= 1. Dat x = —; y = —, z = —. Ta co a, b, c > 0 

4 xy +yz 4 zx ' 2x 2 y 2z 

va ab + bc + ca — 1 

Bat dang thde can chdng minh trd thanh: 

1 1 1 5 

a + b + b + c + c + a > 2 

Khong mat tinh tong quat ta co the gia sd: a > b > c. 

Ta thay rang: 


b + c 


b + c 


1 1 _ _ 

a + b^ a + c {a + b)(b + c) (a + c)(b + c) ° 


1 1 
1 + b 2 + 1 + c 2 


Nhung ta co bo de sau: 


1 1 1 
1 + 5 2 + 1 + c 2 - + (b + c ) 2 + 1 W 
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3 TUYEN TAP bAt DANG THLfC 3.1 Bat dang thitc trong ki thi tint cac trtfdng 


bc[ 2 — 2 be — bc(b + c) 2 ] 


r > 0 


Thst v»y quy dOng ya thu gqn ta dUfle (*) « (jj2 + 1)(t? + 1)[(fj + c)2 + j, : 

Nhung 2 — 26c— bc(b+c) 2 — 2 a(b+c)—bc(b+c) 2 = (b+c)[2a — bc(b+c)] > (b+c)[2a — a 2 (b+c)] 
a(b + c) [2 — ab — ac] > 0 

Ap dung bo de tren ta thu dupe VT{ 1) > (b + c) + ^ ^ 2 C —- + —— = (b + c) + 7—7 -h 


(b + c ) 2 + 1 b + c 


b + c 


b + c + 


-( 2 ) 


b + c 


Dat t — b + c + 7 —^— =4> t > 2. Khi do VT( 2) = t + - 
b + c t 

Xet ham so f(t) — t + - vdi t > 2 ta co f(t) = 1 — — > 0 vdi moi t > 2. Th do suy ra 

m > n 2 ) = \ 

5 

Vdi gia sii a > b > c thi khi a = b = 1, c = 0 thi VT{ 1) = Nhung do gia thiet a, 6 , c > 0 nen 
dau bang khong the xay ra. □ 

Ldi giai 2 


Gia thiet viet lai thanh —-—I—-—I—= 1. 

4 xy 4 xz Ayz 

1,1 1 

Dat a = —; 0 = — :c — — 

2x 2 y 2 z 

Ta co a, b, c > 0 va ab + be + ac = 1 

Ta co bat dang thile can chilng minh viet lai thanh 

1 1 1 
- T A r-1- 

a + b b + c c + c 


1 1 

-7 + 7- ' 

i+b b+c 

1 2 


1 + 7 


(a + b) 2 (b + c) 2 (c + a) 2 (a + b)(a + c) (b + c)(b + a) (c + b)(c + a) 
Ap dung bat dang thilc Iran 1996. 



Chiing minh: 

Khong mat tinh tong quat gia si Y xy + xz + yz — 1. Dat (x; y\ z) — (tan tan tan vdi 
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3.1 Bat dang thiic trong ki thi thd cac trudng 


3 TUYEN TAP bAt DANG THLfC 


a; /3; 7 la ba goc cua mot tam giac. 


Bat dang thiic can cluing minh trd thanh 

1 1 


Hay 


9 a 9 B 9 oi 9 7 9 /? ,7 

cos —. cos — cos —. cos - cos —. cos - Q 

_2_2 + _2_2 + _2_2 > 9 () 

„ 7 ” r ~ „ a —a 


Dat cyc(A = vdi A, B, C la ba goc cua mot tam giac. Ta co bat dang thiic can cluing 

minh trd thanh: 


sin A sin HV / sin A sin (7 \ /sin C sin B\ 9 

sin C ) I sinB ) \ sin A ) ~ 4 


vdi 2 > ^ - 3 

Dat 


/ 2 (A, B,C)>- + 2 (sin 2 A + sin 2 B + sin 2 C). 
f(A B C) s ^ n ^ s ^ n -^ _|_ sin B sin C + sin A sin C 


Ap dung bat dang thiic Jensen ta co: 


sin 2 B + sin 2 C < 2 sin 2 _ 2 CO s 2 -(2) 

“ 2 2 


Theo bat dang thiic AM-GM ta co sin B sin C < cos 2 — (3) 
Mat khac: 


d — f (A, B,C) — f l A, 


B + C B + C 


ism A sin 


n B sin C 2 


Do — > A > — nen (3) trd thanh 


4sm Asm — a 

—-————— > 16 sin 4 — > 1 
sm B sm C 2 


Do d > 0 nen ta can chiing minh 

/ 2 ^A; | + 2 (sin 2 A + sin 2 B + sin 2 C) 


Tif (2) ta co 
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3 TUYEN TAP bAt DANG THLfC 3.1 Bat dang thitc trong ki thi thit cac trtfdng 


Ta can chilng minh 


, 2 (.B + CB + C\^ 9 , 2 . 0 2 A. 

f \ A; 2 ; 2 J > | + 2 (smM + 2 cos -) 


Hay cos A (cos A + 1 ) (2 cos A — l ) 2 > 0 nen bat dang thitc ban dau dung. 


Ap dung bat dang tilde tren ta co 


4 (a + b+ c ) 


i i i y 9 

a + b + b + c + a + c) ~4(ab + bc + ac) ' (a + b)(b + c)(c +a) 


9 


4 (a + b + c ) 


Lai co 


a + b + c 


(a + b)(b + c)(c + a) 
1 1 


4 (a + b)(b + c)(c + a) 

(a + b + c)(ab + be + ac) 1 ^ 
(a + b)(b + c)(a + c) 


abc 


(a + b)(b + c)(c + a) 


1 5 

Nen hien nhien —^-1-> - 

a+b b+c c+a 2 

Ldi giai 3 

Bat dang thitc can chilng minh tufting ditOng vdi 

x+y+z+x+y+z+x+y+z> ^ 
x(y + z) y(z + x ) z(x + y) 
1115 

=*■ i—r + i—r + i—r > i 

—i— —i— —i— 
x y z y z x 

Tit day dat a — — ,b — -,b — - ta defa bat dang thitc ve chilng minh 
x y z 

1 1 1 5 , , 

- T + - -+-> -vdi ab+bc+ca=4 

a + b b + c c+ a 4 

Khong mat tinh tong quat gia sit a > b > c > 0. Lay t > 0 sao cho t 2 + 2ct = 4 -- 
4 — t 2 
2 1 ,t<C 

(t + c) 2 — ab + be + ca + c 2 — (a + c)(b + c) 


. Ta se chilng minh 

1 1 1 > 1 2 / 1 1 
a + b b + c c + a~2t t + c \^b + c \/a + d 


(\/a + c - VF+c ) 
2 t(a + b) 


► (b + c)(a + c) < 2t(a + 6 )dieu nay luon dung 


2 1 t + c 2t(t 2 + 4)~4 


q+ 2 _i_ 4 5 

> -r <+ (t — 2) (5t 2 — 8t + 4) < Odung vdi t <21 


De thi nay ban chat che giau di bat dang thitc noi tieng cua tac gia Pham Kim Hung la cho 
a, b, c > 0 ; ab + be + ca = 1 chilng minh rang 

1 1 i > 5 

a + b b + c c + a ~ 2 
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3.1 Bat dang thdc trong ki thi thvt cac trudng 3 TUYEN TAP bAt DANG THLfC 


De thi nay chang qua chi la sit dung phtfcfng phap don bien de giai.Mot kieu quen thuoc cua 
de t hi dai hoc k hoi A nam 2011 cua bo. □ 

Bai toan] 

1 8 la cac so thuc duong. Cluing minh rang 


\yz zx xy 

Di thi thvt l&n 3 chuyen KHTN Ha Noi 


Ldi giai: 

Ap dung bat dang thdc AM — GM ta co : 

x 3 x 3 
1A + 73 


X° X* 

a H— 3 + 1 > 3 — 
y a z 6 yz 


«l + vl + 1 > 3 yl 

X 6 z 6 xz 

z 3 z 3 z 2 

+ 1 > 3— 
x A y 6 xy 


-1-1-A 3 

yz xz xy 

Cong ve theo ve cac bat dang thdc tren roi rut gon ta co dieu phai chilng minh. Dang thdc xay 
ra khi x — y — z. □ 

( Bai toan J 

so drfdng x, y, z thoa man x 2 + y 2 + z 2 = 3.Tim gia tri nho nhat cua bieu thdc: 
p= (x + y + z-1f | 1 | 1 | 1 

X 2y _|_ y2 Z Z 2 X X y Z 

De thi thi£ lan \ chuyen KHTN Ha Ndi 

Ldi giai: 

Ta co 

(. x+y+z)(x 2 +y 2 +z 2 ) = x 3 +xy 2 +y 3 +yz 2 +z 3 +zx 2 > 2 {x 2 y+y 2 z-\-z 2 x) ^ x+y+z > x 2 y+y 2 z+z 2 x 
Suy ra 

„ (x + y + z — l) 2 1 1 1 (t — l) 2 9 r- 

x+y+z x y z t t 


Khao sat ham so tren drfdc gia tri nho nhat cua P = — khi x = y = z = 1. 


110 | Gia sd — - < a, b, c < 1 thoa man 2 (a + b + c) — ab + be + ca .Tim gia tri nho nhat cua 
bieu thdc 

1 1 1 

P = -1-1- 

1 + a + b 1 + 6 + c 1 + c + a 

De thi thit lan 5 chuyen KHTN Ha Ndi 
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3 TUYEN TAP BAT dAnG THIjC 


3.1 Bat dang thtic trong ki thi thii cac trildng 


Ldi giai: 

Dieu kien: — < a; b\ c < 1 kha rac roi, vi vay ta co y ttfdng ddn gian dieu kien nay. Do do ta 
co the dat: x = a +-; y — b +-] z — c Y Luc nay ta bien doi lai gia thiet thanh he: 


0 < x,y,z < - 

- 2 g 

3(x + y + z) — - = xy + yz + zx 


Va bai toan trd thanh tim min : 


Theo Cauchy Schwarz ta co ngay: 


x + y V + z z + x 


- 2(x + y + z) 


3 (x + y + z)-^ = xy + yz + zx< z ) 


x-\-y + z < 


9 -3>/6 


(Chu y rang: x + y + z < ^ nen loai trrfdng hop: x + y + z > ^ Do vay: 


' 9-3^6 


Bai toan da drfOc giai quyet! 



V = ]log x 2 + i (4 - x 2 ) | + |log 4 _ x2 (x 2 + l) | > 2^/|log x2+1 (4 - x 2 )| |log 4 _ a; 2 (x 2 + 1)| > 2 

Dang thdc xay ra khi va chi khi |log x 2 +1 (4 — x 2 )\ = |log 4 _ x 2 (x 2 + 1)|. 

Hay |log x2+1 (4 — x 2 ) | = ±1 . 
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Ldi giai: 

Theo bat dang thtic Cauchy — Schwarz ta co 


i + ^)(9 + 7)> (3+-) ^±Jl + - 2 >3 + -^2Jl + ?- 2 >l + ^- 
x 2 ) V x) V x 2 x V x 2 2 2x 


Do do 


11 37 9 3 / 9 3 15 

V>x+ — + - + — = x+ - + ->2Wx- + - = — 
2x 2 2x x 2 \ x 2 2 


15 

Vay gia tri nho nhat cua y la — khi x = 3 


— (Bai toanj - 

1 13 |(Jho whl >0va a + b + c— l.Chdng minh rang 


a 2 b + b 2 c + c 2 a < — 
~ 27 


De thi thvC lan 1 THPT Chuyen Bac Lieu 


Ldi giai: 

Khong giam tfnh tong quat gia sd 

(b — a)(b — c) < 0 => c{b — a) {b — c) < 0 =>■ b 2 c — be 2 — abc + ac 2 < 0 =>■ b 2 c + c 2 a < abc + be 2 
Suy ra 


a 2 b+b 2 c+c 2 a < abc+bc 2 +a 2 b = b(a 2 +c 2 +ac) < b(a+c) 2 = -2 b.(a+c)(a+c) < - 


1 2(o + b + c) _ 4 


Dang thde xay ra khi c = 0; a = b = 


2 27 27 

□ 


[Bai toanj 

114 pho cac so thrfc drfdng a, b, c thoa man abc = 1 va so thrfc n < 3.Chhng minh rang 


a 2 c + b 2 a + c 2 b H- - ->3 + n 

a + b + c 

De thi thxi THPT Chuyen Ha Long Lan 2 
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3 TUYEN TAP BAT dAnG THIjC 


3.1 Bat dang thtic trong ki thi thii cac trildng 


Lcti giai: 

Ap dung bat dang thiic AM — GM ta co 


Turing tit, 


Suy ra 


a 2 c + a 2 c + b 2 a > 3\/a 5 b 2 c 2 = 3 a 

b 2 a + b 2 a + c 2 b > 3^ c 2 a 2 b 5 = 3 b 
c 2 b + c 2 b + a 2 c > 3 \/a 2 b 2 c 5 — 3c 


a 2 c + b 2 a + c 2 b > a + b + c 


Ta chiing minh 


Hay 


o + b + c H--->3 + 77 , 

a + b + c 


(a + b + c — 3)(a + b + c — n) >0 


De y rang a + b + c> 3 \fabc = 3 > n.Suy ra dieu phai chdng minh. 

Dang thiic xay ra khi a = b — c = 1 □ 

Bai toan - 

115 | Cn^a^c la cac so thrfc drfOng thoa man ab + be + ca < 3abc. Tim gia tri nho nhat 
cua 

p _ a 3 + b 3 + c 3 
a + b + c 

De thi thii Ian 1 THPT Chuyen Ha Tinh 

Ldi giai: 

Tit gia thiet ,dat x = -;y — -:z = - cho t&0<x + y + z<3 
a b c 

Ta co 

p a 3 + b 3 + c 3 > 3 abc 3 

a + b + c ~ a + b + c xy + yz + zx 


Mat khac ta co 


(x + y + z) 2 

xy + yz + zx < - - - - — < 3 


Suy ra P > l.Vay gia tri nho nhat cua P la 1 khi a = b = c — 1 


□ 


Bai toan - 

1 16 | Cn^x^^z la ba so thitc thuoc doan ( 0 ; 1 ].Chiing minh rang 

1 i i < 5 

xy + 1 yz + 1 zx + l~x + y + z 

De thi thvt THPT Chuyen Le Qui Don Da Nang 






















3.1 Bat dang tilde trong ki thi thvt cac trtfdng 3 TUYEN TAP bAt DANG THLfC 


De y rang xy + 1 — x — y — (1 — x)(l — y) > O.Ttf do ta co 



(x + y + z) 


1 1 
r + - 


y 


xy +1 yz + 1 zx + 1 ) xy + 1 yz + 1 zx + 1 

X V z 

ja- — H-1-b 3 

xy +1 yz + y zx + z 


1 

1+yz 


zx + y xy + z 

y 


z+y z+y 


Suy ra dieu phai chdng minh 



I a + b> c 
b + c> a ■ 

C + a > b 

_ a + b c + a . 

Dat x — —-—; y = —-— ,z — a, (x, y, z > 0) =>• x + y > z, y + z > x, z + x > y. 
Ta viet lai bat dang thdc can chtmg minh thanh 

x y z 

- 1 - 1 -< 2 

y + z z + x x + y 


2x 


y + z x + y + z 


,trfdng trf ta co 


y + z z + x x + y x + y + z 
Th do suy ra dieu phai chhng minh 
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3 TUYEN TAP BAT dAnG THIjC 


3.1 Bat dang thtic trong ki thi thii cac trildng 


Bai to an] -- 

118 | Xet cac so thrfc a, 6, c tim gia tri nho nhat cua bieu thtic 

p _ 3(6 + c) 4 a + 3c 12(6 — c) 

2 a 36 2 a + 3c 

De thi thvt Ian 2 THPT Nguyen Hue 

Ldi giai: 

Ta co 


Theo bat dang thilc Cauchy — Schwarz ta co 


(4a + 36 + 3c) (- + — + - 


2 a 36 2a + 3c 


P + 11 > (4a+ 36 +3c) 


4a + 36 + 3c 


= 16^P> 5 


Bai^oanJ 


cac so thitc khong am x, y, z thoa man x 2 + y 2 + z 2 = 3.Tim gia tri ldn nhat cua 
bieu thrfc 

A — xy + yz + zx + 


x + y + z 

De thi thd lan 1 THPT Nguy in Tat Thanh 


Ldi giai: 


Dat t — x + y + ztd gia thiet suy ra 
Khi do 


( t 2 - 3 

\xy + yz + zx= —-— 

[VS<t<3 



t 2 5 3 

Xet ham so / (t) = — + - — - vdi y/3 < t < 3. 

Ta co 

5 t 3 — 5 

f'(t)=t— — = ——— > 0 vdi moi t £ [a/3; 3] 
14 

Suy ra / (t) dong bign tren [a/3; 3].Do do / (t) < f (3) = —. 

Dang thdc xay ra khi x = y = z = 1. 


□ 
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3.1 Bat dang tilde trong ki thi thd cac trudng 


3 TUYEN TAP bAt DANG THLfC 


r (Bai toan] 

[20 a^c. la cac so thcfc dudng tuy y thoa man abc = 8.Hay tim gia tri ldn nhat cua 
bieu thhc 

1 1 1 

P = -1-1- 

2 a + 6 + 6 26 + c + 6 2c + o + 6 

De thi thiC Ian 2 THPT Nguy in Tat Thanh 


Ldi giai: 


1 


1 


1 


_ 1 

2 a + 6 + 6 26 + c + 6 2c + a + 6 2 

6 


1 1 

- + - 


a+^+3 &+ 2 +3 C+ 2 +3 


Dfit x = -]y = -\z = - thi xyz — 1; x, y, z > O.Khi do 


1 


1 


1 


2 \_2x + y + 3 2 y + z + 3 2,z + x + 3 


Ta co 

x+y > 2-^/xy; x+1 > 2-v/x =+ 2x+y+3 > 2 (y'-n/ + ^/x + l) 


1 < 1 1 
2x + y + 3 “ 2 y'xy + yx + 1 


Tetdng tet ta co , 

1 1 1 
2y + z + 3 2 y/p + yd/ + 1 

1 < 1 1 
2z + x + 3 — 2 pzx + sfz + 1 

Suy ra 


>P < - 
~ 4 


1 1 1 I 

y/xy + y/x + 1 y/yz + y/y + 1 ydsx + ydr + lj 

i _, ygg 

-^/xy + \/x + 1 ,/x (^/p + ^y + l) ^/xy (y^x + yfz + 1) 

i + V% + 1 

_y/xy + y/x + l y^ + Vx + l ydey + ydc + lj 


Dan g thhc xay ra khi a = 6 = c = 2 □ 

Bai toan] 

1211 Cho x, y la cac so there khong am thay doi va thoa man dieu kien 
4 (x 2 + y 2 + xy) < 1 + 2(x + y).Tim gia tri ldn nhat cua bieu there 

P = xy + \Jx + y - x 2 - y 2 

£)e thi thiC Ian 4 THPT Nguyen Tat Thanh 
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3 TUYEN TAP BAT DANG THJjC 


3.1 Bat dang thtic trong ki thi thd cac trildng 


Ldi gidi: 

Tif gia thiet ta suy ra 

3(x + y ) 2 + (x — y) 2 < 1 + 2(x + y) => 3(x + y) 2 < 1 + 2{x + y) => — ^ < x + y < 1 
vi x, y khong am nen 0 < x + y < 1 

„ /X + V \ 2 /- 1, ,9 ,- 1 , .9 

P<(^— 1 -(a? H- j/) = y/x + y- ~(x + y) 

t 2 

Dat t = :c + ?/=>0<t<l=^/(t) = \/t — —. 

3 

Nhan thay / (t) la ham dong bien nen ta co f (t) < f (1) = 

Dang thhe xay ra khi va chi khi x = y = - 


I Bai to an] 

| 22 | Cho x , y ditdng thoa man x 2 y + y 2 x = x + y + 3xt/.Tim gia tri nho nhat cua bieu thtic 

2 2 (l + 2xy) 2 -3 

P = X 2 + y 2 + K - -^- 

2 xy 

De thi thii l&n 5 THPT Nguyen Tat Thanh 


Ldi gidi: 

3 

Tti gia thiet ta suy ra x + y > 4 va P = (x + y) 2 H-b 1 

x + y 

Nhan thay ham so tren dong bien tren [4; +oo) nen P > f ( 4) = — khi x = y = 2 


-[Bai toan] - 

| 23 [ Chting rninh rang 


(tano;) sina + (cota;) COSQ: >2 Va£ ^0; — J 


De thi thii THPT QuSc Hoc Hue 


Ldi gidi: 


• a E (o; =>• VT > (tana) sma + (cota) sina >am-gm 2; 

• ol E =>VT> (tana) cosa + (cota) cosa >am-gm 2. 

[Bai toan j ~ 


| 24 | Goi a, b, c la do dai ba canh cua tarn giac co chu vi bang 2. Chting minh rang 
^ < a 2 + b 2 + c 2 + 2 abc < 2 

De thi thii Ian 2 THPT Chuyen Thoai Ngoc Hau 
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3.1 Bat dang tilde trong ki thi thti cac trudng 


3 TUYEN TAP bAt DANG THLfC 


Ldi gidi: 

Tti gia thiet ta c 6 p = Q ° = 1 nen p — a ;p — 6 ;p — c la cac so dUdng. 
Sh dung bat dang thtic AM — GM ta co 


0<(l-«)(l-»)(l-c)<[ 3 - ( ° + i, + c) ] 3 = l 


1 < ab + bc + ca — abc < — 
^ < a 2 + b 2 + c 2 + 2 abc < 2 


Dieu phai chdng minh 


r [Bai toanJ 

25|C'ho cac so thuc x, y, z thoa man x 2 + y 2 + z 2 = 3.Tim gia tri ldn nhat cua bieu thdc 

F = \f‘3x? + 7 y # \Jby + 5 z + V7z + 3x 2 

Di thi thxt l&n 1 THPT Chuyen Vinh Phuc 


Ldi gidi: 

Ap dung bat dang thdc Cauchy — Schwarz ta co 

F 2 < 3 [6a: 2 + 12 (y + z)\ < 18 [a: 2 + 2^2(y 2 + z 2 )^ = 18 [x 2 + 2^2(3 - x 2 )j = / (x) 

Khao sat ham so tren tren doan th [—-\/3; \/3] ta co gia tri ldn nhat cua / (x) la 90 khi x = 1. 
Vay gia tri ldn nhat cua F la 3-\/l0 khi x = y = z = 1 □ 

(Bai toanj “ 

| 26 | Cho x, y,z la ba so thuc duong co tong bang 3.Tim gia tri nho nhat cua bieu thiic 

P = 2(x 2 + y 2 + z 2 ) - Axyz - 9x + 2024 

De thi thiC lan 1 THPT Dien Chau 3 


Ldi gidi: 

Ap dung bat dang thhc AM — GM ta co 

P > 2x 2 +(y+z) 2 —x(j/+z) 2 —9x+2024 = 2x 2 +(3-x) 2 -x(3-x) 2 -9x+2024 = -x 3 +9x 2 -24x+2033 = / (x) 

Khao sat ham so tren tren khoang (0; 3) ta co gia tri nho nhat cua ham so dat tai x = 2 khi 
do / (x) = 2013. 

Vay gia tri nho nhat cua P = 2013 khi x = 2;y = z = - □ 
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3 TUYEN TAP bAt DANG THLfC 3.1 Bat dang thitc trong ki thi thit cac trtfdng 


(Bai toanj - 

| 27 | Cho g, b~c dudng thoa man a 2 + b 2 + c 2 — 3.Tim gia tri nho nhat cua bieu thitc 

a 3 b 3 c 3 

P = — , Hb — , T — , : 

yfW + 3 Va 2 T3 

De thi thxt lan 1 THPT Dong Sdn 1 Thanh Hod 


Ldi giai: 

SuC dung bat dang thitc AM — GM ta co 


Tudng tit ta c 6 


a 3 a 3 b 2 + 3 ^ 3 jaA 3 a 2 

2V / ^T3 + 2V / ^T3 + 16 “ V 64 “ 4 


3c 2 

: T 


2x/t?T3 

+ 

/?T3 

'•4m—— > 34/ 

16 “ V 64 

c 3 

l 

c 3 

a^+3> a/^ 

2-\/a 2 ~+~3 

2 \ 

/a 2 + 3 

+ 16 - V 64 


Cong ve thed ve ba bat dang thitc tren ta dude 

a 2 + b 2 + c 2 + 9 3 


16 


> ^(a 2 + b 2 + c 2 ) 


Do a 2 + b 2 + c 2 = 3 nen P > -. 
Dang thitc xay ra khi a = b — c = 1 


Bai toanj --- 

28 | Cho a, b, c la cac so thitc ditdng thay doi thoa man a + b + c = 3.Chitng minh rang 

_ 2 ,2 2 ab + bc + ca ^ . 

P = a 2 + b 2 + c 2 + ^ 2 > 4 

a 2 b + b 2 c + c 2 a 

De thi tM lan 2 THPT Dxic Tho Ha Tinh 


Ldi giai: 

Ta co 

3(a 2 + b 2 + c 2 ) = ( a + b + c ) (a 2 + b 2 + c 2 ) > 3 (a 2 b + b 2 c + c 2 a) =4> a 2 + b 2 + c 2 > a 2 b + b 2 c + c 2 a 
Suy ra 


P > a 2 + b 2 + c 2 + - 


9 - a 2 - b 2 - c 


-- a 2 + b 2 + c 2 + - 


a 2 + b 2 + c 2 a 2 + b 2 + c 2 

Vdi a 2 + 6 2 + c 2 > 3 ta di suy ra gia tri nho nhat cua P la 4. 

Dang thitc xay ra khi a = b — c = 1 


- 1 
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3.1 Bat dang tilde trong ki thi thi} cac trudng 


3 TUYEN TAP bAt DANG THLfC 


f (Bai toanj- 

|_29_| (Jlio c > 0 va a 2 + 6 2 + c 2 = 3.Tim gia tri nho nhat cua bieu thdc 

a 3 6 3 c 3 

P = - , H- . T - . : 

a/6 2 + 1 a/c 2 +1 a/o 2 + 1 

£)e thi thvC l&n 1 THPT Ham Nghi Ha Tinh 


Ldi giai: 

Ap dung bat dang thdc AM — GM ta co 


Tufting tit ta cung co , 


Q 3 + a 3 + 1 + 6 2 > 3 a 2 
2VTT6 2 2VT+6 2 4a/2 “ 2\f2\/2 


1 + c 2 


2 a/1 + c 2 2 a/1 + c 2 4\/2 2^2 a/2 ' 

c 3 c 3 1 + a 2 c 2 

2A/T+0 2 2a/TT^ 2 4y/2 _ 2</2^ 


Cong ve theo ve cac bat dang thilc tren ta dude 


6 3 , 2 l2 9 

P + ^> — 7 = (a 2 + 6 2 + c 2 ) = — 7 = 

4a/2“ 2^2 2^8 


a/2 


Dang thdc xay ra khi va chi khi a = b = c — 1 


□ 


r (Bai toanj 

Lgojdko cac so duong a, b , c thoa man q + 6 + c = 3.Chdng minh rang : 

(l + q) 2 (l + fr) 2 (l + 6) 2 (l + c) 2 (1 + c) 2 (l + a) 2 

1 + c 2 1 + a 2 1 + b 2 

De thi thtC Ian 1 THPT Hoang Le Kha -Thanh Hod 


Ldi giai: 


Dat 

(l + q) 2 (l + 6) 2 (1 + 6) 2 (1 + c) 2 (l + c) 2 (l + a) 2 

1 + c 2 1 + q 2 1 + 6 2 

Ta co 

[(1 + q) (1 + 6)] = [q + b + 1 + ab ] + 4(1 + ah) (q + b) 

Suy ra 

(1 + q) 2 (l + 6) 2 ^ (1 + ab)(a + b) 4q(l + 6 2 ) + 46(1 + q 2 ) 1 + 6 2 1 + q 2 

1 + c 2 - 1 + c 2 = 1 + c 2 °l + c 2 + % + c 2 
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3 TUYEN TAP BAT dAnG THIjC 


3.1 Bat dang thtic trong ki thi thii cac trildng 


Cbring minh tricing til ta co, 


(l + &) 2 (l + c) 2 ^l + c 2 

T+V 2 - 4i W 


1 + b 2 
C l + ^' 

(1 + c) 2 (l + a) 2 1 + a 2 1 + c 2 

1 + b 2 ~ l + b 2 1 + b 2 


Cong ve theo ve ba bat dang thric tren lai ta drfdc 
) +4 b 

>4.2 (a + b + c) = 8 (a + b + c) = 24 


p., (1 + b 2 1 + c 2 
p - Aa Vl + c 2 + 1 + b 2 


1 + a 2 1 + c 2 
1 + c 2 1 + d“ 


, l + & 2 ^l + « 2 

+ 4C * 1 + a 2 + 1 + b 2 


Dang thric xay ra khi a = b — c = 1. □ 

(Bai toan] ~ 

| 31 | Cn^q^^ la cac so thric dridng co tong bang 6 .Tim gia tri nho nhat cua bieu thric 

1 111 

M — H—- + — H- 

a 2 + b 2 + c 2 ab be ca 

Di thi thvC l&n 2 THPT Kon Turn 


Ldi giai: 

Theo bat dang Cauchy — Schwarz ta co 

> 1 | 9 

— a 2 + b 2 + c 2 ab + bc + ca 
1117 

a 2 + b 2 + c 2 ab + be + ca ab + be + ca ab + be + ca 

9 7 

— a 2 + b 2 + c 2 + 2 ab + 2 be + 2 ca + ab + bc+ ca 

9 21 _ 30 _ 5 

~ (a + b + c) 2 P (a + b + c) 2 (a + b + c) 2 6 

Dang thric xay ra khi a = b — c = 2. □ 

Bai toan ^l 

| 32 | Cno a, o, c > 0 thoa man 2 ab + 5 be + 6 ca = 6 a&c.Tim gia tri nho nhat cua bieu thric 

p ab 4 be 9 ca 

b + 2a b + 4c a + 4c 

De thi thut Ian 1 THPT Le Hiiu Trac I Ha Tinh 


M 

M 

M 

M 


Ldi giai: 


Dat x = 


1 

,y 


1 1 

-,z = - ta co 
b c 


x,y,z > 0 

5x + 6y + 2z = 6 
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3.1 Bat dang thiic trong ki thi thvt cac trudng 3 TUYEN TAP bAt DANG THLfC 


1 4 q 

P + 6 = -— #«■-+-— + 6 

x+ 2 y 4 y + z z + 4x 


14 9 

——— + -1-— + x + 2y + 4z + z + z + 4x 

x+ 2 y 4 y + z z + 4x 

-- 1 + x + 2y + 4 +4 y + z+ 9 + z + 4x 

x + 2 y 4 y + z z + 4x 


>2 + 4 + 6 = 12 

Vay P > 12 khi a = 2; b = 4; c = 1. 


' - Bai j toanJ ~ 

| 33 \ Cn^^y^z la cac so thrrc du’cing ehtSng minh rang : 

2x 2 + xy + 2y 2 + yz + 2z 2 + zx > ^ 

(y + ^/zx + z) 2 (z + y/xy + x) 2 (x + yfyz + y) 2 ~ 

Di thi thvt, trvtdng THPT Le Hvtu Trac II Ha Tinh 


Ldi giai: 


m p= . 2y+j/z 


(</ + s/zx + z) (z + Jxy + x) (x + ,/p +!/) 

Theo bat dang tlitfc Cauchy — Schwarz ta co 

(y + y/zx + z) = {y/yy/y + a fzyfx + \[z\fz) < (y + x + z)(y + z + z) 


1 ( 2x 2 + 


(y + yfzx + z) 2 (x + y + z)(y + 2z) x + y + z \y + 2z 
Trfdng tit ta co , 


y+z x+y+z 


2 y 2 + yz 


2 y 


(z+^xy + x) x + z x + y+z 
2 z 2 + zx 2z z 


(x + y/yz-y) x + y x + y + z 
Cong ve theo ve cac bat dang thtic tren lai ta drfdc 


H-—-1-I — 1 

y + z z + x x + y) 


x + y + z > (x + y + zf > 3 

y + z z + x x + y ~ 2{xy + yz + zx) ~ 2 


Suy ra 


P >2-1 = 1 

Dang thhe xay ra khi va chi khi x = y = z = 1. 
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3 TUYEN TAP BAT dAnG THIjC 


3.1 Bat dang thtic trong ki thi thii cac trildng 


— xy + y 2 = 2.Tim gia tri l(3n nhat va gia tri nho 

M — x 2 + 2 xy — 7y 2 

De thi thii THPT Li Tit Trong Binh Dinh 


Bai toanj - 

| 34 | Cho x, y la hai so time thoa man x 2 
nhat cua bieu thhc 


Ldi giai 1: 


Neu y = 0 thi M = x 2 = 2. 

x , 2 

Neu y A 0 thi dat t = -.Tif gia thiet suy rat 2 — t + l = — >0=tj/£l 

y V 2 

Va ta co 

2M = 2^ + 2 ^- 7 ! 2 = 2 ^, + a - 7 , geB 


t 2 ~ t + 1 ’ 


Xet ham so f (t) = ^ ^ y € I 

J W t 2 - t + 1 ’ y 




1 

* “ 3 
t = 5 


Bang bien thien 



Ldi giai 2 : 

Xet phudng trinh 


t 2 + 2t - 7 


m , t e M 


t 2 - t + 1 

<=> (m— l)t 2 — (m + 2)i + m + 7 = 0 £ 1 

De phucing trinh co nghiem suy ra 


A = (m — 2) 2 — 4(m + 7)(m — 1) > 0 =>• — 8 < m < - 


Tif do suy ra gia tri ldn nhat cua M = — ,gia tri nho nhat cua M = — 16. 
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3.1 Bat dang thrfc trong ki thi thd cac trtfdng 3 TUYEN TAP BAT DANG THLfC 


Bai^oanJ 


] Cho ba so thrfc a, b, c khong am thoa man a + b + c— -.Chxfng minh rang : 

1 OK 

(l + a 2 )(l + & 2 )(l + c 2 )> — 

De thi thii lan I THPT Mai Anh Tu&n Thanh Hod 


Ldi giai: 

Ta co 


(1 + a 2 )(l + b 2 )( 1 + c 2 ) > — => ln(l + a 2 ) +ln(l + b 2 ) +ln(l + c 2 ) > 3In - 


Xet ham so / (t) = In 1 + t 2 — M vdi t e [o; ;/' ( t ) = 


1 + t 2 5 


4 1 

— = 0 =r- t = — 


Td do suy ra 

Do do 

Td do suy ra 
hay 




In (1 + a 2 ) + In (1 + b 2 ) + In (1 + c 2 ) - ^(a + 6 + c)>31n^-j| 


In (1 + a 2 ) + In (1 + b 2 ) + In (1 + c 2 ) > 3 In - 


(1 + a 2 )(l + b 2 ){l + c 2 ) > - 


Dang thhc xay ra khi a = b — c = 


Bai toan j- 

| 36 |Cho ba so thrfc drfdng a,b, c co tong bang 3. Chdng minh rang : 

a 2 b 2 c 2 

a + 2b 3 + b + 2 c 3 + c + 2 a 3 - 

Di thi th%( l&n 1 THPT Nguyen Thi Minh Khai Ha Tinh 


Ldi giai: 

Ap dung bat dang thde AM — GM ta co 


2 ab 3 2 3 / 2 

r = a - tv.—— > a — -by a 2 


a + 2b 3 a + b 3 + b 3 


3 
2 

> a — -b(a + a + 1 ) 
2 

= a — gb(2a + 1 ) 

2 , 4 

= a --b-~ a b 
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3 TUYEN TAP bAt DANG THLfC 3.1 Bat dang thitc trong ki thi tint cac trtfdng 


Titcfng til ta cung co , 


&2 > b- -c- -be 

b + 2c 3 — 9 9 

c 2 2 4 

-> c - -a - -ca 

c + 2a 3 9 9 


Cong ve theo ve cac bat dang thde tren ta dildc 


b 2 


a + 2b3 ' 6 + 2c 3 ' cAw-l ( - a + b + C) -t {ab + bC + Ca) -l-l =1 

Dang tilde xay ra khi va chi khi a = b = c — 1. 


~— (Bai toan j - 

| 37 | Cho ba so thitc x , y, z thoa man xyz — x + y + z va x, y, z >.Tim gia tri nho nhat cua 
bieu thde : 

P - x ~ l i y - 1 | Z ~ 1 
y 2 z 2 x 2 

De thi thxt lan 2 THPT Nam Dong Quan Thai Binh 


Ldi giai: 

Ta co 

x-l + y-1 y-l + z-1 z-l + x-1 

y 2 z 2 x 2 \x y z) \x 2 y 2 z 2 


(1) 


x — 1 -\- y — 1 y — 1 -\- z — 1 z — l -\- x — 1 \ / 1 1 \ \ 2 

— + - * + —f= p) 

Td (1) va (2) suy ra 


„ (\ 1 1 \ ( 1 1 1 \ / 1 1 1 

P>(-t-1 “ ) + ( “^ H- 2 2 ) ^ (-1-1- 

\x y z) \x 2 y 2 z 2 J \xy yz zx 


Td gia thiet ta co — + — + — = 1 va dung cac danh gia cd ban ta co 
xy yz zx 

111111 

-y H-~ 4- 2 >- 1 - 1 -— 1 

x 2 y 2 z 2 xy yz zx 

111 r 
—I-1— ^ Vo 


Td do suy ra 

P > \/z + 1 - 2 = y/3 - 1 
Dang thde xay ra khi x = y = z = \/3 
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3.1 Bat dang thde trong ki thi thvt cac trudng 3 TUYEN TAP bAt DANG THLfC 


f - (Bai toanj- 

138 | Cho cac so ditOrig a, 6 , c.Chdng minh rang : 

a 46 9c 

- -1-h - -- > 4 

b + c c + a a + b 

Di thi thvt l&n 1 THPT Ngo Gia Tit Bac Ninh 


Lcfi giai: 


—x y z —y z x 

Dat x = b+c] y = c+a; z = a+b td do suy ra a = ---; b = ---; c = 

Do a, 6 , c > 0 nen x,y, z > 0 tit do suy ra 


a ^ 46 ^ 9c — x + y + z + 2(— y + z + x) + 9(—z + x + y) 

b + c c + a a + b 2x y 2 z 



>-7 + 2 + 3 + 6 = 4 


Dang thdc xay ra khi a = 26; c = 0 vo It nen suy ra dau dang thde khong xay ra. □ 


| 39 | Cho cac so thuc duong x, y, z thoa man A{x + y + z) — 3xyz.Tvm gia tri ldn nhat cua 
bieu tilde : 


P = 


1 

2 + x + yz 


* 


1 

2 + y + zx 


1 

2 + z + xy 


Di thi thit l&n 3 THPT Ngo Gia Tit Bac Ninh 


Ldi giai: 

Theo bat dang thde AM — GM ta co 3 xyz = A{x + y + z) > 4.3 $xyz => xyz > 8 
Tiep tuc ap dung bat dang thde AM — GM ta dupe 

2 + x + yz > 2\p2x + yz> 2yj2\[2xyz — 2yj2y/2xyzy/yz > A\[2tfyz 
Sd dung bat dang thde Cauchy — Schwarz ta co 

1 / 1 / 1 1 (l 1 \ 1 (1 1 1 \ 1/3 1 \ 

2 + x + yz ~ Ayfttfyz ~ 4*2 \2 + \fyz) ~ 8 \2 + A + ~ 8 \A + Jz) 

Tuong tu ta cung co 

2 + y + zx 8 \4 zx) 

1 <1D + D) 

2 +z + xy 8 \A xyJ 
Cong ve theo ve cac bat dang thde tren ta dupe 



©Ngo Hoang Toan 


Trang 38 





























3 TUYEN TAP bAt DANG THlJC 3.1 Bat dang thtic trong ki thi thil cac tritdng 


Dang thrfc xay ra khi x — y — z — 2. 


— Bai to an] - 

140] Cndrfdng thoa man x 2 + y 2 + z 2 = l.Chilng minh rang : 

_E_y + p_y + p_y<! 

1 -yz) \l-zx) \l-xyj 4 


De thi thi£ so 11 THPT Nguyen Trdi 


Ldi gidi 1 Ta co 


4x 2 


Vay 


1 

VI 

1 

y 2 + z 2 \ 

2 (l + x ^) 2 

2 / 


y 2 ^ 

y 2 

4y 2 

(i-^) 2 ^ /_ 

x 2 + .z 2 \ 

2 (i + v 2 ) 2 

2 ) 


2 

s' 

z 2 

4 z 2 

(1 - yx ) 2 _ _ 

y 2 + x 2 ^ 

2 (1 + ^ 2 ) 2 

4 r 2 

P ^ | 

4y 2 

4z 2 

“ (1 + x 2 ) 2 

(i + y 2 ) 2 

+ (l + z 2 ) 2 


T 


Dw j — x 2 +1, b — y 2 +1, c — z a +1 khid . 


+ b + c — 4 


„ 4a-4 4b-4 4c-4 f 1 1 1\ ( 1 1 1 

P < -n-1- U2 -1-o — 4 ( “ + T + ~ ) — 4 ( — + H-^ 

a 2 b 2 c 2 \a b c J \a 2 b 2 c 2 

/111" 

, /I 1 1\ 4a + b + c 


1119 9 „ 4 t 2 9 9 

Ma - + - + - > - - -= - nen ta xet ham so f (t) =41 -—, t > - =>• f (t) < - 

a b c~a + b + c 4 JKJ 3 ’ “4 w “ 4 

iof* gidi 2 

Ta co 


(1 - j/^) 2 - / y 2 + z 2 V (2x 2 + </ 2 + 2 2 ) 2 ~ (i 2 + 2 2 ) (i 2 + y 2 ) 


Suy ra 


VT £ £ + ->-«“) - i ( " 2 + ^ Y + ^ (z2 + " 2) -1 (xY + 4,222 + * V) ( * 2 + 4,2 
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3.1 Bat dang thiic trong ki thi thvt cac trudng 3 TUYEN TAP bAt DANG THLfC 


c ( Bai toan]- 

[4lJ (Jiio cac so thuc difdng x, y, z thoa man x + y + z < 3.Tim gia tri nho nhat cua bieu 
thtic : 

2 2 2 1 1 1 
x 3 + y 3 + z 3 + x 2 — xy + y 2 + y 2 — yz + z 2 + z 2 — zx + x 2 

De thi thit THPT Nguyen Van Cxi Ha Noi 


Ldi giai: 

Ta co : 


11,3 

+ 1 > — 
x 6 y 6 xy 

1 1 1 ^ 3 

T z 6 yz 

11,3 
< ' < ' 1 ^ 


Suy ra 


Suy ra 


2 2 2 o 3 3 3 

—* + —r H—o + 3 > —• H-1- 

x 6 y 6 z 6 xy yz zx 


3 3 3 

P + 3> - + — + — + - 


1 


1 


1 


xy yz zx x 2 — xy + y 2 y 2 — yz + z 2 z 2 — zx + x 2 

Sit dung bat dang thrfc Cauchy — Schwarz ta co : 

„ „ 2 2 2 / 1 1 \ 

P + 3 >- 1 - 1 -h (-1 2 -T— 2 ) 

xy yz zx ' \xy x z — xy + y z J 


2 2 2 

p+3>—+^+—+y 

xy yz zx ' 


x 2 + y 2 


p+3> + —A 

\2 xy x z — xy + y z J 


P + 3> 


16 16 

7 + 7 


(■x + y ) 2 (y + 2) 2 (^ + x ) 2 

48 

P + 3 > . 

48.9 48.9 

P + 3 “ (2a; + 2y + 2z) 2 ~ ~4dF “ 12 
+> P > 9 


Dang thrfc xay ra khi x — y = z = 1. 


□ 
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3 TUYEN TAP BAT dAnG THIjC 


3.1 Bat dang thdc trong ki thi thii cac trildng 


Bai to an] - 

142 | Cnla ba so thuc dudng thoa man x 2 + y 2 + z 2 = 3.Tim gia tri nho nhat cua 
bieu thiic : 

A- 1 1 1 

xy + 2 + yz + 2 + zx + 2 

De thi thii Ian 3 THPT Que Vo 1 


Ldi giai: 

Snt dung bat dang thrtc Cauchy — Schwarz ta co 

9 9 - i 

xy + yz + zx + 6 x 2 + y 2 + z 2 + 6 

Dang thiic xay ra khi x = y ~ z = 1. □ 

' iBai toanj | 

143 | Cnla ba so thiic duong thoa man a 2 + b 2 + c 2 = 3.Cluing minh rang : 

1 1 14 4 4 

a + b + b + c + c + a ~ a 2 + 7 b 2 + 7 c 2 + 7 

Di thi thut Ian 3-1 THPT Qui Vo So 1 


Ldi giai: 


Theo bat dang thiic Cauchy — Schwarz ta co : 

114 8 

a + b b + c ~ a + 2b + c ~ a 2 + 2b 2 + c 2 + 4 

Th do suy ra 

1 1 c T a \ 2 ^—\ 4 \ 4 

a + b + b + c+ > ^ a + 2b + c ~ ^ a 2 + 2b 2 + c 2 + 4 ^ a 2 + 7 

Dang thiic xay ra khi a — b — c — 1. □ 


- Bai^oanj - 

144 I Cho ba so thiic duong a, b, c thoa man28 ( ^7 + 777 + ^7 ) 4 ( , — - 4 - — ) + 

- ' \a 2 b 2 c 2 ) \ab be ca) 

2013.Tim gia tri ldn nhat cua bieu thiic : 


1 


1 


1 


\]ha 2 + 2 ab + b 2 \/hb 2 + 2 be + c 2 Vhc 2 + 2 ca + a 2 

De thi thii Ian 4 THPT Que Vo So 1 

































3.1 Bat dang tilde trong ki thi thi} cac trudng 


3 TUYEN TAP bAt DANG THLfC 


Dat x — —;y — \\z — - vasii dung bat dang thdc Cauchy — Schwarz ta c 6 : 
a b c 

28(x 2 + y 2 + z 2 ) = 4 (xy + yz + zx) + 2013 < 4(x 2 + y 2 + z 2 ) + 2013 => x 2 + y 2 + z 2 < 


(x + y + z) 2 < 3(x 2 + y + z 2 ) < 


Ta co 


< ^ / 3 


3 1\ 1 


V5a 2 + 2 ab + ft 2 y^a 2 + (a + b) 2 ~ 3a + 2 “ 8\/2 V a 
Tucing tit ta cung co 


Tit do suy ra 


V5& 2 + 26c + c 2 8^2 

, < —^(3z + ar) 

\/5c 2 + 2ca + a 2 8\/2 


4 , , y/2013 

P ^W=2 (X+V + Z) ~ — 


[Bai toan J - 

145 |(JJio ba* so thitc ditdng x, y, z thoa man x(x — 1) + y(y — 1) + z(z — 1) < 6.Tim gia tri 
nho nhat cua bieu thrfc : 


x+y+1 y+z+1 z+x+1 

De thi th%£ Ian 1 Vinh Phuc 


Ldi giai: 

Tit gia thiet ta co x 2 + y 2 + z 2 — {x + y + z) < 6 ta co 18 > (x + y + z) 2 — 3(x + y + z) => 0 < 
x + y + z <6 

Theo bat dang thdc AM — GM ta co : 

1 + x + y +1 > 2 1 > 2 x + y + 1 

x + y + 1 25 — 5 x + y +1 ~ 5 25 

Tucing tit cho cac bat dang thitc con lai,ta co 

^ > 6 _ 2{x + y + z) + 3 > 6 _ 2.6 + 3 _ 3 
“ 5 25 “ 5 25 “ 5 

Dang thrfc xay ra khi x = y — z = 2. □ 

Cach khac 

Dat t — x + y + zte (0; 6 ] 

Theo bat dang thrfc Cauchy — Schwarz ta co 

























3 TUYEN TAP BAT dAnG THIjC 


3.1 Bat dang thtic trong ki thi thii cac trildng 


Dang thdc xay ra khi x = y ~ z = 2. □ 

f - Bai toan]- 

|_46_|(Jlio x,y Tk cac so thrrc thoa man x + y — 1 = y/2x — 4 + \Jy + l.Tim gia tri ldn nhat I 
va gia tri nho nhat cua bieu thtic : 

P = {x + y) 2 - y/9-x-y + 

y/x + y 

De thi thvl l&n 1 THPT Thai Phien Hai Phdng 


Ldi giai: 

Theo bat dang theta Cauchy — Schwarz ta co 


x + y- 


- 4 + \Jy + 1 < yj3{x + y — 1 ) =>l<£ + 2/<4 


Dat t = x + y t £ [1; 4] ta co 


P = t 2 - a/9 -t + - =► P' = 2t + 


2ty/9t - t 2 


- > 0 Vt £ [ 1 ; 4] 


33 

Vay gia tri ldn nhat cua P = —— y/h khi t = 4 hay x = 4; y = O.Gia tri nho nhat cua P la 
2 — 2y/2 khi t = 1 hay x — 2 ; y = — 1 □ 


(Bai toan] 

1 47] Ch^r^/^z la cac so thrtc drfOng thoa man 2 ^Jxy + y/xz — l.Tim gia tri nho nhat cua 
bieu thtta : 

p = A-ll + — + 

x y z 

De thi thii Ian 1 THPT Thai Phuc Thai Binh 


Ldi giai: 

Theo bat dang thita AM — GM ta co 


3yz+£zx+5xy 
x y z 



^)+3 > 2z+4y+6x — A(x+y)+2(x+z) 


> 8 y/xy + 4 yfxz — 4 


Dang thita xay ra khi x = y — z 


1 

3' 


□ 
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3.1 Bat dang tilde trong ki thi thvt cac trtfdng 3 TUYEN TAP bAt DANG THLfC 


(Bai toanj - 

148 | Cnla ba so thifc diidrig thoa man dieu kien a 3 + b 3 — c 3 .Tim gia tri nho nhat 
cua bieu thdc 


(c — a) (c — b) 

De thi thiii l&n 1 THPT Tr&n Phu-Ha Tinh 


Ldi giai: 

Do a, b, c > 0 nen dat x — -;y = - x,y > 0 khi do x 3 + y 3 = l.Ta dildc: 
c c 

(x + y) 2 -2xy-l 


M = - 


-(x + y) + xy + 1 


t 3 - 1 


Dat t = x + y => xy ■ 

t 3 — 1 

Vi x, y > 0 nen t > 1 va t 2 > 4 - =>• 1 < t < \^4 

, “3 1 

Ta viet lai bieu thtrc 

t- 1 \[4 — 2 

Dang thdc xay ra khi a = b\c — a\/2. 


□ 
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3 TUYEN TAP BAT dAnG THIjC 


3.1 Bat dang thtic trong ki thi thii cac trildng 


BAI TAP REN LUYEN 
-(Bai toan) 

149 jCno namso thuc x, y thoa man x + y — 1 = 2y/x — 1 + y/y + l.Tim gia tri ldn nhat,gia 
tri nho nhat cua bieu thtic 

p = x(x -y) + y(y - x) 2(1 + xyy/x + y) 

2 y/x + y 

De thi thtf, l&n 1 THPT Xuan Trutdng 

r50]Cho ba so thiic dicing x,y,z thoa man x+y + z = l.Tim gia tri nho nhat cua bieu thtic 

p _ | Vv | 

y + z z + x x + y 

| 51 | Cho a, & la cac so thuc duong thoa man ab+a+b = 3.Tim gia tri ldn nhat cua bieu thilc 

^ 3a 3b ab 9,9 

b + 1 a + 1 a + b 

De thi thvt THPT Da Phuc 

| 52 | Cho bon so thrfc a, b, c, d thoa man —4 < a,c < —2 ,2 < b, d < 4 .Tim gia tri ldn nhat 
cua bieu thdc 

(a 2 + c 2 )(b 2 + d 2 ) 

(ac + bd) 2 

De thi thvt lan 1 trvtdng QuSc Hoc Quy Nhdn 

[53]Cho cac so thuc duong x, y, z thoa man x + y + z = 1 .Cluing minh rang 
3 2 

- 1 -> 14 

xy + yz + zx x 2 + y 2 + z 2 

De thi thvt THPT Chuyen Phan Dang Lvtu 

| 54 | Cho ba so thuc duong a,b,c thoa man abc = l.Tim gia tri ldn nhat cua bieu thiic 
1 1 1 


= + - 


\Ja 2 + ab — a + 5 y/b 2 + bc — b+5 y/c 2 + ca — c + 5 
De thi thvt l&n 1 THPT Chuyen Phan Boi Chau Nghe An 

| 55 | Cho cac so thuc a, b, c thoa man a + b + c = 6 .Chiing minh rang 

a b c 

— / : T — . H — . + 2 

y/tf TT VW+i VcATi ~ 

Di thi thvt l&n 1 chuyen Lam Sdn Thanh Hod 
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3.1 Bat dang tilde trong ki thi thd cac trudng 


3 TUYEN TAP bAt DANG THLfC 


r (Bai toanj 

| 56 |(Jko aXc 'a cac so thuc duong thoa man 4 ab + 2ac + 6b + 3c — 7a = 35.Tim gia tri 
ldri nhat cua bieu thtfc 

„ ab 2b 3c 

P = -1-1- 

a + b 2 + 5 3 + c 

De thi thxt Idn 6 chuyen KHTN Ha Noi 

[~57~|Cho x, y G M va x, y > l.Tim gia tri nho nhat cua bieu thute 

x 3 + y 3 -(x> + y*) 

(x-l)(y-l) 

Di thi thtC lan 1 THPT Chuyen Thoai Ngoc Hau 

| 58 | Cho cac so thuc duong x,y,z thoa man x + y + z + 1 = 4.x'yz.Chiing minh rang 


xy + yz + zx > x + y + z 

De thi thvt lan 1 THPT Dang Thuc HvCa Nghe An 

| 59 | Cho a, b , c la cac so thuc duong thoa man a+b+c — l.Tim gia tri ldn nhat cua bieu thhc: 


De thi thxt lan 1 THPT Thanh Sen Ha Tinh 

| 60 | Cho x, y, z la cac so thuc dUdng thoa man xy + yz + zx = 3.Tim gia tri nho nhat cua 
bieu tlilie : 

x y z , _ 

x + y y + z z + x 

De thi thxi l&n 1 THPT Nguyen Xuan On -Nghe An 

| 61 |0 |a- x, y, z la cac so thuc thoa man 1 < x,y,z < e.Chung minh rang : 

x In x + y In y + zlnz 
y + z z + x x + y 

De thi thut lan 2 THPT Nguyen Xuan On -Nghe An 

| 62 | Cho ^<£<^vay>l .Tim gia tri nho nhat cua bieu thhc : 


P = x 2 + y z + 


[(4x - 1 )y - x\ 

Di thi thxt THPT Nhxt Thanh II-Thanh Hoa 
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3 TUYEN TAP BAT dAnG THIjC 


3.1 Bat dang thtic trong ki thi thii cac trildng 


( (Bai toan] 

|63 | Cho cac so thrfc drfdng a, 6 , c thay doi thoa man a + b + c = 1.Cluing minh rang : 

a 2 + b b 2 + c c 2 + a 

- -+-+- r > 2 

6 + c c + a a + b 

Di thi thxt lan 1 THPT Nam Duyen Ha Thai Binh 

| 64 | Cho a, b , c duong thay doi thoa man a + b + c = 3.Tim gia tri nho nhat cua bieu tlihc : 

_ 22 a 3 + 12 a 6 2 + 20126 3 22 b 3 + 126c 2 + 2012 c 3 22 c 3 + 12 ca 2 + 2012 a 3 

~ 22a 2 + 12a6 + 19446 2 + 22b 2 + 126c + 1944c 2 + 22c 2 + 12ca + 1944a 2 

Di thi thvC l&n 1 THPT Nam Khoai Chau Htfng Yen 

[65j0fea a, 6 , c > 0 vaa + 6 + c = 3. Tim gia tri ldn nhat cua bieu thrfc : 


P = yYa 2 + 1 + a) (^V 6 2 + l + bj c 2 + 1 + cj 

De thi thtC lan 2 THPT Nam Khoai Chau Hiing Yen 

] Cho x, y £ M : x 2 + y 2 = x + y. Tim gia tri ldn nhat ,gia tri nho nhat cua bieu thrfc : 


A = x 3 + y 3 

Di thi thiC lan 1 THPT Nam Khoai Chau Hxing Yen 

| 67 | Cho x,y, z > 0 vh x + y + z < 1 .Tim gia tri nho nhat cua bieu thrfc : 


111 / 

P=- + - + - + 6(x + y + z) 
x y z 

Di thi thvt THPT Ngo Tri Hoa Nghe An 

| 68 | Cho x, y la cac so thrfc thoa man x 2 + y 2 + xy = l.Hay tim gia tri ldn nhat va gia tri 
nho nhat cua bieu thrfc 


A = 5 xy — 3 y 2 

Di thi th%i THPT Pham Van Dong -Dak Lak 

[69]Cho x, y, z > 0 va thoa man x>3]x + z<5vhx + y + z = ll.Chrfng minh rang 


xyz < 36 

Di thi thvt lan 1 THPT Thanh Thuy Phu Tho 
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3.1 Bat dang thiic trong ki thi thvt cac trudng 3 TUYEN TAP bAt DANG THLfC 


(BaHoanj- 

I 70 |Cho ba so thrfc drfdng x,y,z thoa man —I- 1 — = 4.Chrfng minh rang : 

- x y z 

1 1 1 

- < 1 


2 x + y + z 2 z + x + y 2 y + z + x 

De thi thvi lan 1 THPT Thu Xa Quang Ngai 

[Wpho a,b > 0 .Chung minh rang: 

1 1 > 1 
3 a + b a + 3b ~ a + b 

De thi thvi lan 1 THPT Thu Xa Quang Ngai 

3 

a,b,c> —- 

4 .Chhuwngs minh rang: 
a+b+c —1 


] Cho ba so thrfc a, b, c thoa man 


a b c < 9 

a 2 + 1 + b 2 + 1 + c 2 + l “ 10 

De thi thvi lan 1 THPT Thu Xa Quang Ngai 

| 73 | Cho a,b,c> l.Chhng minh rang : 

log l a logp b log^ c 


- + i 


- + - 


- > 


a + b b + c a + c a + b + c 

De thi thvi lan 1 THPT Thu Xa Quang Ngai 

74Cho a la so thrfc during.Cbring minh rang 


cA + 8 v o + l > 4a + 8 

De thi thvi lan 1 THPT Thu Xa Quang Ngai 

| 75 l OSto a, b, c la ba so thrfc drfdng.Chhng minh rang: 


1 


1 


1 


, ab + bc + ca 


2 a + b + c 2 b + c + a 2 c +a + b Aabc 

De thi thvi lan 1 THPT Thu Xa Quang Ngai 

| 76 | Cho x,y la cac so thrfc thoa man x 2 + y 2 = l.Tim gia tri ldn nhat va gia tri nho nhat 
cua bieu thrtc : 


p = x + 2y 
2x — y + 4 

De thi thvi lan 1 THPT Thu Xa Quang Ngai 
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3 TUYEN TAP BAT dAnG THlfC 


3.2 Bat dang tilde trong de thi thii cac di&n dan 


3.2 Bat dang thufc trong de thi thuf cac dien dan 


0S 


■ho cac so thitc khong am x, y thoa man : x (2x + 2y — 5) + y (y — 3) + 3 = 0 . Tim gia 
tri kin nhat va nho nhat cua bieu thiic : 


P = (xy — x + l ) 2 + (xy — y+ l ) 2 

De thi thii Ian 1 dien dan k2pi.net 


Ldi giai: 

Gia thiet co the viet lai thanh: 


(x + y - 1)0 + y - 2) = -{x - l ) 2 


Th do ta co ditdc: 1 < x + y < 2 

Mat khac gia thiet cung viet lai ditOc dndi dang: 

2{x — l ) 2 + (y — l ) 2 = x + y — 2xy =>• x + y > 2 xy 1 > xy 

Tim gia tri nho nhat. 

Ta lai co bieu thdc P co the viet thanh: 

q 2 — 2ab + 2b 2 — 2o + 2b + 2 = P 


Hay 


a 2 - 2 a(b + 1) + 2b 2 + 2b + 2 - P = 0 (1) 


Trong do a = x + y{ 1 < a < 2); b = xy( 2 >a>2b) 

Coi (1) nhit mot phudrig trinh bac 2 theo a khi do de ton tai a; b ta phai co: 


A'>0^P>6 2 + 1=^P>1 


Vay minP = ldat drfdc khi a = l]b = 0 => x = 1; y = 0 

Tim gia tri Idn nhat. 

Xet ham so 

f (o) — cl 2 — 2 a(b + 1) + 2 b 2 + 2b + 2 
Ta chi lam 2 trifdng hdp nho sau: 

• Neu b > - ta xet ham so tren [26; 2 ] 

De thay ham so dat max tai /(2) hoac f(2b) (ma /(2) = f(2b) = 2(b 2 — 6+1)) 

Do do: 

f{a) < 2 ( 6 2 - 6 + 1) - 2 [ 6(6 - 1 ) + 1] < 2 
Vay trong trudng hdp nay MaxP = 2 khi x — y = 1. 

• Neu 6 < | ta xet ham so tren [ 1 ; 2] 

Ham so dat max tai /(2) (vi /(2) > /(1)) nen ta cung co gia tri Max nlnr trudng hdp 
tren. 

Ket luan: MaxP = 2 khi x — y — 1. □ 
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3.2 Bat dang thrfc trong de thi thi'x cac di§n dan 3 TUYEN TAP BAT DANG THLfC 


2 |Cho cac so thitc x, y, z khong am va khong co 2 so nao dong thdi bang 0. Tim gia tri 
nho nhat cua bieu thtic : 

„ , s ( 1 1 1 

P = (xy + yz + zx) —5 + ,—„ + —, 

\x 2 + y 2 y 2 + z 2 z 2 + x 2 

De thi thvl Ian 2 dien dan k2pi.net 


Ldi giai: 

Ldi giai 1 

Giai sd z — min(x\ y\ z) khi do ta co: 


x + y > 2z O xy + yz + xz > (x + -)(y + -) 


12 + 92 (^ + -) 2 + ( 3 /+ § ) 2 

92+22 (y+f ) 2 


Tit rihfmg dieu tren ta co: 


( x + 2> 2 


P > (x + -)(y + -) 

2 2 {(x + T.Y + iy + T,) 2 (y+7,) 2 (z + J) 2 


1 1 

- +-=—+ - 


Dat: x + -=a;y + - = b(a ; b > 0) Ta co: 


f/ 1 1 1 N 

P - ab („2 , U2 + ^ + w) - 


a 1 
+ T + 7T 


a 2 + b 2 a 2 b 2 (®\2 1 1 b “ 

V ^ b 


Dat: - = x(x > 0) ta khao sat ham fix) = — - \-x+ - vdi x > 0 de tim dtfdc minf(x ) = - 

b x 2 +1 x 2 

Do do MinP = - dat dude khi a = b] c — 0 hoac cac hoan vi. □ 


Ldi giai 2 

Nhin de bai, ta nhd den BDT quen thuoc cua ngai Jack Garfunkel: 
Vdi a, b, c > 0 va doi mot khac nhau thi: 

1 . 5 


1 1 
- + 


> 


a + b b + c c + a 2 \/ab + bc + c 


ChvCng minh: 

Chuan hoa ab + be + ca = 1 
Chung ta xet hai trudng hdp 
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3 TUYEN TAP BAT dAnG THlfC 


3.2 Bat dang tilde trong de thi thii cac di&n dan 


• THI: a + b + c < 2 

Bat dang thtic can cluing minh ttfdng drfdng vdi 


2(a + b + c) (-r + —-’ H-) > 5(a + b + c) 

v Jy a + b b + c c + a' K ' 


-<=>■ 6 + 2(—— + ——- + ) > 5(a + b + c ) 

a + b b+c c + a 

Bat dang thiic nay luon dung theo bat dang thtic Cauchy — Schwarz ta co 

6 + 2 ( ° ° + J-) > 6 + 2 (a + 6 + ^ ' 

a + 6 b + c c + a 2(ab + bc + ca ) 


= (a + 6 + c — 2)(a + 6 + c — 3) + 5(a + b + c) > 5(a + b + c). 
• a + 6 + c > 2 Bat dang thdc can chilng minh trfdng drfdng vdi 

2(a 2 + 6 2 + c 2 + 3) > 5(a + b)(b + c)(c + a) 


-<=>■ 2(a 2 + b 2 + (?) + 6 > 5(a + b + c) — 5 abc 
Bat dang thrfc nay ludn dung dd 

(a 2 +6 2 +c 2 )+6 = 2(a+&+c) 2 +2 = (2 {a+b+c) —l)(ot+6+c—2)+5(o+&+c) > 5(o+&+c)—5 abc. 

Vay phep cluing minh hoan tat ! Dang thilc xay ra khi (a; 6; c) la mot trong cac hoan vi 
cua bo (0; 1; 1). 

Luc nay thay a, b , c lan lrfdt bbi x 2 , y 2 , z 2 ta co 

111 5 

x 2 +y 2 + y 2 + z 2 + z 2 + x 2 ~ 2 y/x 2 y 2 + y 2 z 2 + z 2 x 2 

Sd dung bat dang thilc tren,chu y rang 

xy + yz + zx = \]x 2 y 2 + y 2 z 2 + z 2 x 2 + 2 xyz(x + y + z) > y/x 2 y 2 + y 2 z 2 + z 2 x 2 


Ta co 


(xy + yz + zx)( 


1 

x 2 + y 2 


1 

y 2 + z 2 


1 ^ > 5 (xy + yz + zx) > 5 

z 2 + x 2 2 y/x 2 y 2 + y 2 z 2 + z 2 x 2 2 


Dang thhc xay ra khi (a; 6; c) la mot trong cac hoan vi cua bo (0; 1; 1). 

5 •? 

Vay MinP = - .Dang thilc xay ra khi (a; &; c) la mot trong cac hoan vi cua bo (0; 1; 1). □ 

Ldi giai 3 
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3.2 Bat dang thiic trong de thi thi} cac diSn dan 


3 TUYEN TAP bAt DANG THLfC 


Khong mat tmh tong quat ta gia stf z = Min(x: y; z ). 

Dat V {x ,y, z) = (xy+yz+zx). (-^2 + ) Ta se chitng minh V (x;y;z) > P (x;y;0) 

Hay la: 


1 


z(x + y). 

<£> z(x + y) 

(X + \ 

Va digu nay dung do 


1 


1 


x 2 + y 2 

y 2 + z 2 

z 2 + x 2 J ~ 

( 1 

1 

+ 1 A 

\x 2 + y 2 

y 2 + z 2 


At. 1 . 

1 

' + -.. 

+ V J 


. 1 1 

^ x y -\-2 + -2 


i 


i 


y 2 x 2 x 2 + z 2 y 2 + z 2 


> xyz 2 


1 1 

r + - 


x 2 + y 2 y 2 + z 2 z 2 + x 2 ' 


y 2 (y 2 + z 2 ) x 2 (x 2 + z 2 ) 

1 5 


i 1 

^y 2 (y 2 + z 2 ) ' x 2 [x 2 + z 2 ) 


X 2 + y 2 


y 2 + z 2 y 2 (y 2 + z 2 ) 
x + y xyz 

x 2 + z 2 - x 2 {x 2 + z 2 ) 

Vay ta co V^ x - y . z ) > V( Xt y, o) Cuoi cung ta se chi ra 

. 5 


Hay la : 


xy | x 2 + y 2 > 5 
x 2 + y 2 xy ~ 2 


Dieu nay hien nhien dung ttf bat dang thtJc AM — GM : 


x 2 + y 2 >1{ 3(x 2 + y 2 ) > 3 
4 xy ~ 4xy ~ 2 


Vay ta co P M in = - Dang tlidc xay ra tai x - 


x 2 + y 

y, z = 0 va cac hoan vi tildng dng 


( -I Bai to^|| - 

QjjchT cax^o thrfc a,b,c e [1; 2] Tim gia tri ldn nhat cua bieu thdc : 

„ 10a 116 2012c 

P= -i- + — + — r- 

bc ac ab 

De thi thvC lan 3 dien dan k2pi.net 


Lcti giai: 


ab c b a 


Coi c la bien so;a,b la tham so; ta co: 


. 2012 1,10a 116. 

/ (c) = —r- 2 (“T" + — 

ab c 2 b a 

2012c 2 - 10a 2 - 116 2 2012 - 10.2 2 - 11.2 2 


ab 


ab 
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3 TUYEN TAP BAT dAnG THlfC 


3.2 Bat dang tilde trong de thi thii cac di&n dan 


N ,, , 4024 5 a 116 

•/(c)</( 2 ) = ^ r+lr + — = 9 (a) 


Coi a la bien so;b la tham so; ta co: 


„ x -4024 5 116 -4024 11 


^9(a)<g(l) = 4 ^+ 1 ^ = h(b) 

h’(b) = ^ + y < 0(6 G [1; 2]) =► h(b) < h( 1) = 4029 + y = ^ 

, . , „ , 8069 ,, , ,,, f a = 6 = 1 

Vay gia tri ldn nhat cua P la — khi va chi khi < ^ 


there x, y , z thoa man : x 2 + 2 y 2 + 5 z 2 < 2. Tim gia tri ldn nhat cua bieu 

there : 

P — (xy + yz + zx) fl + ^4 - ( x 2 + 2 y 2 + 5^ 2 ) 2 j 

De thi thxi Ian 4 dien dan k2pi.net 

Lcti giai: 

Ap dung bat dang there Cauchy — Schwarz ta co: 



2x 2 + 3 y 2 + 6 z 2 — 



> 


(x + y + z) 2 

2 3 6 


= (x + y + z) 2 


Vay nen: 


x 2 + 2 y 2 + 5 z 2 > 2 (xy + yz + zx) 


> 2P < 6.(1 + V4 — t 2 ) 


Vdi t = x 2 + 2y 2 + 5z 2 < 2 

Vay ta chi can tim gia tri ldn nhat cua : 


K = t.(l + y 


- 1 2 ) (t < 2) 


Dau bang xay ra khi 2x = 3y = 6 z 


□ 


5jCnoa^o7ccac so duong thoa man : 2a 2 + 36 2 + 5a6 + 36c + 2ac + c < 3 + 5a + 86 Cherng 
minh rang : 

th= + > i. 

|jl V8 C +1 

De thi thit lan 5 dien dan k2pi.net 


Ldi giai: 

That vay tef dieu kien ta bien doi : 


2a 2 T" 36 2 + 5a6 + 36c + 2ac + c < 3 + 5a + 86 
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3.2 Bat dang thrfc trong de thi thi'x cac di§n dan 3 TUYEN TAP BAT DANG THLfC 


<+> 2 a 2 + 2 ab + 2 ac — 6a + 3 ab + 3 b 2 + 3 be — 9b + a + b + c— 3 < 0 

2a(a + b + c — 3) + 3 6(a + 6 + c — 3) + (a + 6 + c — 3) ft 0 

<£> (a + 6 + c-3)(2a + 36+l) < 0 (1) 

Do a, b, c > 0 nen th (1) ta co : a + b + c < 3. .Lai co : 2 a+b+c — 2“ • 2 b • 2 C < 8. Dat 

m = 2“, n = 2 6 , p = 2 C =>■ mnp < 8. 

Theo bat dang thtic AM-GM, ta co 


Vl + m 3 — y/(l + m)(l — m + m 2 ) < 


m 2 + 2 


Xay dung cac bat dang thtic tildng tit, ta chide 


2 2 2 

VT > -1-1- 

~ m 2 + 2 n 2 + 2 p 2 + 2 


Vay ta can phai editing minh 


2 2 2 
m 2 + 2 + n 2 + 2 + p 2 + 2 — 


hay 


2 ' 2 ” r 2 : 

H-2 H-2 H~ Z* 

md nr p z 


Tiep tuc dat :t = , u = v = Vdi dieu kien rrirw <3 => tuv > -. Khi do ta can editing 

m 2 n 2 p 2 8 

minh : 

2 1 2 u 2v > ^ 

1 + 2 1 1 + 2 u 1 + 2v 

Tdi day ta khai trien toe loe ra va rut gon ta thu dupe 

4 (ut + vt + uv) + 16m;t > 1 (*) 

Mat khac theo bat dang thtic AM-GM Ta co : 4 (ut + vt + ut) + 16 uvt > 12 \ft 2 u 2 v 2 + 16 uvt = 

12- * +16- \ 1 Vay (*) drfdc chhng minh. 

16 64 i 

Dau dang thtic xay ra khi t = u = v — - hay m — n = p = 2 hay a = b = c— 1. □ 


[ 6 |Cho cac so thrtc diidng x, y thoa dieu kien :x ^1 — + y ^1 — —^ = 4 . Tim gia tri 

nho nhat cua bieu thtic : 

P — xy + y/l + x 2 + \/1 + y 2 


De thi thxt Ian 8 dien dan k2pi.net 


Ldi giai: 

Xet be de: 


a 2 + fe 2 + Vc 2 + d 2 > y/(a + c) 2 + {b + d ) 2 
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3 TUYEN TAP bAt DANG THLfC 3.2 Bat dang thtfc trong de thi thir cac diSn dan 


Cbring minh: 


Va^TP + Vc 2 + d 2 > y/(a + c) 2 + (b + d ) 2 
a 2 + b 2 + c 2 + d 2 + 2\J (a 2 + b 2 )(c + d 2 ) > a 2 + c 2 + 2ac + b 2 + d 2 + 2 bd 


Ap dung bo de ta co: 

Tri gia thiet ta co: 
f y = 4- 
(s + ?/) : 


<+J(a 2 + b 2 )(c 2 + d?) > ac + bd 
<+ a 2 c 2 + a 2 d 2 + 6 2 c 2 + £> 2 d 2 > a 2 c 2 + b 2 d 2 + 2a£>cd 
(ad — be) 2 > 0 

y 2 > y/4: + (x + y) 2 


) +> x + y = 4 H- 1-->6 = 

y x 


y 2 > 2\/l0 


_n , (a: + y-6)(a: + y-3) 

' x + y — 2 z + y- 2 

Vay P > 9 + 2-\/lO-Dau = xay ra khi x — y = 3. 

Td* giai 2 

Ta co 

f 1\ / 1\ x 2 + y 2 (x + y) 2 

x (1- - ) +y [1- - ) = A^x + y = 4 + -— = ^- ^- + 2 

\ xj \ yj xy xy 


, 0 + ?/) 2 

X + y - 2 


Mat khac ta co : 


Dat 


a/( 1 2 + 3 2 ) (l 2 + a; 2 ) + V(l 2 + 3 2 ) (l 2 + y 2 ) > 3x + 1 + 3y + 1 
=4> Vl + x 2 + y/l + y 2 > —L (3 (x + y) + 2) 

*^£y^2 + W0 (3( * + V)+2) 


t = x + y => t > 6 


+ ^s l31+2);1 - 6 


vdi moi t > 6 => f (t) dong bien tren [6; + a) 

=►/(*)>/( 6)=9 + 2^l0 
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3.2 Bat dang thiic trong de thi thii cac diSn dan 3 TUYEN TAP bAt DANG THLfC 


. Dau ” = ” xay ra+> t = 6 


. Dau ” = ” xay ra <+ x — y = 3 
Vay Pmin — 9 + 2x/l0 khi x — y = 3. 


> P > 9 + 2-\/l0 


pT|Cho cac so thuc x, y, z thuoc doan [1; 3] . Tim gia tri nho nhat cua bieu thiic : 

T= _ 25 (y + zf _ 

12x 2 + 2012 (xy + yz + zx) 

Di thi thit l&n 09 dien dan k2pi.net 


Ldi giai: 

Ldi giai 1 

Ta xet f(x) = 


Suy ra 


25 (y + z) 2 


12x 2 + 2012 (xy + yz + zx) 


thi 


_ 25 (V + z ) (6 x + 503 y + 503 z) 

/ — TT~ - 177 ITT ITT 7? < b 


T = f(x) > /(3) = 


4 (3 x 2 + 503 xy + 503 yz + 503 zx) 2 
25_ (y + z) 2 


4 27 + 1509y + 1509z + 503yz 


= g(y) 


_ 25 (y + z) (54 + 1509 y + 503 yz + 1509 z - 503 z 2 ) 

9 ^ “ T (27 + 1509 y + 503 yz + 1509 zf 

Di thay: 54 + 1509 y + 503 yz + 1509 z — 503 z 2 = 54 + 1509 y + 503 yz + 503^(3 — z) > 0 Suy ra 


g(y) > g(l) = — Wi 

y\yj — y\ ) i o QQi i r 


; = K z ) 


_ 25 (l + z)(265 + 503z) 
1 j 16 (384 + 5032) 2 


2 ^ 

Suy ra h(z) > h( 1) = 

Vay T > 

■ y ~ 3548 

Ldi giai 2 

Ta co 


._ 25 (y + z) 2 

I2x 2 + 2012x(y + z) + 2012 


_25(y + ;) 2 _ 

(y + z) 2 ~ 12x 2 + 2012 x(y + z) + 503(y + zf 


Xet ham m(x) — 12x 2 + 2012 x(y + z) + 503 (y + zf, x € [1; 3], 
co m'(x) — 2Ax + 2012 (y + z) > 0, Mx e [1; 3]. 

Do do rn(x) dong bien tren [1; 3], suy ra T(x) nghich bien tren [1; 3]. 


Suy ra T(x) > T(3) - 


25 1 2 


108 + 6036t + 503t 2 


= f(t), vdi t = y + z G [2;6]. 
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3 TUYEN TAP bAt DANG THIjC 3.2 Bat dang thdc trong de thi thd cac dwn dan 


Lai co f(t) — 


150900t 2 + 540 1 
(108 + 6036/: + 503f 2 )‘ 


> 0, Vt G [2; 6], 


nen / dong bien tren [2; 6], va do do f(t) > /(2) = 
Cuoi cung minT = khi x = 3; y — z — 1. 


i Bai toanj 

n^a^^ la cac so thiic thoa man 3 < ac, be < 6; c E [2; 3]; 2c(a 2 + b 2 ) + b(ab + c) + 
c(ac + b) > b(b 2 + c 2 ) + 2ac(l + 2b ).Tim gia tri nho nhat cua bieu thdc: 

„ 2a —2b 2b —2 2a — 6 


- + 9\/ (a — 3)(1 — b)(a — b) 


De thi thit lan 10 dien dan k2pi.net 


Ldi giai: 

Quan sat bieu thdc P nhan thay rang bien c d gia thiet co ve nhil thda. Vay, bien c difdc cho 
trong gia thiet co muc dich gi? Tam thdi nhrf the. Bang phep dat co ban ta se difa bieu thdc 
P ve dang doi xdng vdi ba bien x = a — b, y = b — 1, z = 3 — a=>x + y + z = 2. Khi do 


P = 2( X - + V - + A+9^bc 
\V * X) 


Phai chang gia thiet nham muc dich cho biet dieu kien cac bien x, y, z? Td hai gia thiet dau 

suy ra 1 < - < a, b < - <3 hay y, z > 0. Do cung la cd sd de ta co dinh hrfdng phan tich gia 
c c 

thiet thd ba lam sao de co x — a — b > 0. That vay 


2c(a 2 +6 2 )+&(a6+c)+c(ac+&) > 6(6 2 +c 2 )+2ac(l+26) -<=>■ (a—&)[(&—c) 2 +c(a—l)] > 0 -<=>■ a—b > 0 


Qua nhdng suy luan nhrf tren, ta co mot bai toan trfdng drfdng nhrf sau: Cho cac so tbyte drfdng 
x, y, z thda man x -\- y + z = 2. Tim GTNN cua bieu thdc 


P = 2 [- + - + -) + 9 Nxyz 

\ y z r i 


Sd dung bat dang thdc AM — GM ta co difdc 


—i~—I— 

y y '* 


ffxyz 


Suy ra 


x ffxyz 

-~>3^= 

y \/%yz 


-+-+-> 


x-\-y + z 
j/xyz 


2 

\fxyz 


Tiep tuc sd dung AM — GM ta cd P > 12. 


Vay min P = 12 


x — y — z — - 


7 h 5 
i = b = -. 

3’ 3 


□ 


©Ngo Hoang Toan 


www.k2pi.net 


Trang 57 













3.2 Bat dang thilc trong de thi thii cac diSn dan 3 TUYEN TAP bAt DANG THLfC 


( Bai toan] - 

|~9~|Cho a, b, c la cac so drfdng thoa man a, b > 1 va abc = 1.Cluing minh rang : 

_1_|_1_|_ I < 3 

(a 2 — a + l) 2 (b 2 -b + l) 2 (c 2 -c+l) 2 “ 

Di thi thii l&n 11 dien dan k2pi.net 

Lcti giai: 

- Dau tien, di dang dil doan diem rdi a = b — c — 1. 

- Phildng phap dau tien chung ta co the nghl den ngay do la U.C.T nhilng no da bi bat lilc 
trong bai toan nay. Tiep tuc hay tint mot so kl nang doi bien neu co du she tlul nghiem (bac 
ldn va phtlc tap qua). 

- Cau hoi dat ra: Bieu thilc doi xrfng theo ba bien doc lap vdi nhau, tai sao gia thiet lai cho 
dieu kien a,b> 1. Dieu nay muon gdi y cho chung ta biet rang hai bien a, b co the co mot moi 
lien he nao do. Chang han, (a — 1 )(b — 1) > 0, a + b — 2 > 0, ... Bien c co ve nhu chi co moi 
lien he vdi hai bien kia qua dang thrfc abc = 1. 

- Vdi dac diem ma ta phan tich d tren, ta co the tarn thdi tach rdi bien c nhil sau: 


(a 2 -a + l) 2 + (6 2 -6 + l) 2 + (c 2 -c+l) 2 - 3 ^ (a 2 - a + 1) 2 + {b 2 - b + l) 2 ~ 3 (c 2 -c+l) 2 

- Nhan thay 

1 _ 2c 4 -4c 3 + 6c 2 -4c+1 _ (c -1) 4 + c 4 c 4 _ 1 

(c 2 — c+1) 2 (c 2 — c+1) 2 (c 2 — c+l) 2 — (c 2 — c+l) 2 (a 2 b 2 — ab+ l) 2 

- Do do, bai toan se drfdc cluing minh neu chung ta chilng minh drfdc BDT hai bien sau day: 


(a 2 — a + l ) 2 + (b 2 — b+ l ) 2 “ 1+ (a 2 b 2 -ab+ l ) 2 ^ 

- That may man khi BDT (*) la mot BDT dung. Chung ta co the chilng minh no bang cac 
phep bien doi trfdng drfdng va nhd tan dung gia thiet a, b > 1. □ 

Ldi giai 2 

x 4 + 1 

Thdat nhin vad bai tdan, ta nghl ngay tdi bd de quen thude: (x 2 — x + l ) 2 > —-—. 

Sil dung bd de nay, di thay ta chi can chilng minh 

1113 

a 4 + 1 + 6 4 + 1 + c 4 T 1 “ 2' 

De chd gqn, ta dat a 4 — x, b 4 = y , c 4 = z. Khi dd, bat dang thilc se trd thanh 

1 1 13 

-T-dr*'-^ 

./■ ■ I y + 1 z + 1 2 

Vdi x,y > 1, z > 0, xyz = 1. Tdi day thi ddn gian hdn nhieu rdi. Y trfdng tiep thed ma han ai 

cung nghl den dd la chi viec thay z— — de quy bai toan ba bien ve hai bien: 
xy 

J_ + D_ + ^_<? 

x + l y + 1 xy + 1 2 
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3 TUYEN TAP BAT dAnG THllC 


3.2 Bat dang thrfc trong de thi thrf cac diin dan 


Lai de y rang neu cho x — 1 hoac y — 1 thi bat dang thrfc tren se trd thanh dang thrfc. Dieu nay 
co nghla la neu sri dung bign doi trfdng drfdng thi se xuat hien nhan til chung la (x — l)(y — 1). 
That vay, quy dong mau so va thu gon bat dang thrfc tren lai, ta di dang thu drfdc 

(xy - l)(x - l)(y - 1) > 0 

Hien nhien dung vdi x, y > 1. Cluing minh hoan tat . □ 

(Bai toanj - 

110 | Cno ad^c la cac so drfdng thoa man 27 abc + 9 (ab + bc + ca) — 4 = O.Tim gia tri ldn 
nhat cua bieu thrfc: 

^ 1 I J | 1 


Ja? + 2 VW +2 Vc2 + 2 

Di thi thvC ldn 12 dien dan k2pi.net 


Ldi giai: 

Ap dung AM-GM co 


4 — 27 abc = 9 (ab + ac + be) > 27 \/a 2 b 2 c 2 =>• abc < ^ =+ ab + ac+bc> ^ 


Ap dung C-S co 


T2 ~ 3 ( a 2 + p + h 2 + 2 + ^ + 2 ) 2 ( 3 


Mat khac ^ 


\a 2 + 2 b 2 + 2 c 2 + 2/ 2 V” ^ a 2 + 2) 

('a + b + c) 2 (a + b + cf (a + b + cf 


a 2 + 2 a 2 + 6 2 + c 2 + 6 a 2 + b 2 + c 2 + 18 (ab + be + ac) 2 16(a + 6 + c) 2 

{a + b + c) + --- 


-Dod6T^f, 

f Bai to an] 

[ nfiP cac so thrfc drfdng a; 6; c thoa man:a 2 + b 2 + c 2 = 36. Tim gia tri ldn nhat cua bieu 
thrfc: 

M = {a + Va 2 + 2013)“ 6 . (6 + Vb 2 + 2013) 6c . (c + Vc 2 + 2013)“ 

Di thi thik ldn 13 dien dan k2pi.net 


Ldi giai: 

Bo de 1: Cho a, b, c 6 R. Ta luon co: 


(a 2 + b 2 + c 2 ) 2 > 3{a 3 b + b 3 c + c 3 a) 


Cluing minh : 

Cach 1: BDT 

^[(a 2 — b 2 — ab + 2 be — ac) 2 + (b 2 — c 2 — be + 2 ca — ab) 2 + (c 2 — a 2 — ca + 2 ab — be) 2 ] > 0 


Cach 2: BDT 

«=>■ \ _ ^ 2 ^ 3 ^ C — 3ac) 2 + (b 2 — 2c 2 + a 2 + 3 ca — 3 ab) 2 + (c 2 — 2a 2 + b 2 + 3 ab — 3 be) 2 ] > 0 
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3.2 Bat dang thiic trong de thi thii cac diSn dan 3 TUYEN TAP bAt DANG THLfC 


Bo de 2:Vdi moi a > 0 thi luon co: 


a In (a + ^2 + 2013)- ^ ln ( 2 ^+ 45 ) j o 3 -^,n( 2 ^ + 45) + ^ <0 


Cluing minh: 

Xet ham f(a) = VT 


f'{a) = — a 2 In (2V3 + 45) - —| a 2 + —=f= + In (a + Va 2 + 2013^ 
W 12 V / 270 y/a 2 + 2013 V ) 

Ta thay rang: 


/» = -^ln(2v^ + 45)-^ + 


a 2 + 4026 
(a 2 + 2013) 3/: 


s„„y_ In (2^3 + 45) V3 a (a 2 + 8052) n 

1 W ~ 6 135 („2 + 2013) 5/2 < 

Suy ra f"(a ) nghich bien, suy ra f"(a) < f"( 0) < 0, suy ra /'(a) nghich bien, suy ra f'(a ) = 0 
co toi da 1 nghiem 

De thay /'(2-/3) = 0 nen f(a) < /(2-\/3) = 0 
Ket thuc cluing minh bo de 2 
Trd lai bai toan: 

In M = ^ ab In (a + Va 2 + 2013^ 

Theo bo de 2 thi: 

In M < ^ 2 ^ +45 ^ + j (°? b + &3c + c3 °) + In ^2 V3 + 45^ - (a + b + c) 

Theo Bo de 1 thi a 3 b + b 3 c + c 3 a < 432 
Theo Cauchy thi a + b + c < 6 a/ 3 
Th do ta drfdc In M < 361n(2-/3 + 45) 

Suy ra M < (2 ^3 + 45) 36 □ 

[Bai toan] 

112 p h ^ z la cac so thrfc thuoc [1; 2] .Tim gia tri ldn nhat cua bieu thiic: P = 


xyz{x + y + z 


De thi thvH Ian 14 dien dan k2pi.net 


Ldi giai 1 

Xet ham 


Do do 


fix) 


x 2 y 2 + y 2 z 2 + z 2 x 2 


fix) = 


xyz(x + y + z) 

{xy + yz + zx){x(y 2 + z 2 ) — yz(y + z) 
x 2 yz(x + y + z) 2 


f(x) < max{/(l), /(2), +/// )} 
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3 TUYEN TAP BAT dAnG THllC 


3.2 Bat dang tilde trong de thi thii cac di&n dan 


V/U . s,yz[y + z)\ 2(y ; 

Xet /( _,2 _i_ ~2 ) = 


r+ 2 


+ 2 2 ) _ 2(t 2 + 1) 

(*+l) 2 = 


(t/ + ^) 2 


< max{s(i),£(2)} = y Xet /(l) = 


git) Vdi t= y -,te [i 2] s'(*) - ^ 


Suy ra 


yV + r + ^ 

yz(l+y + z) 


= h(y) Ta co 


h\y) = 


(yz + y + z){yz 2 - z 2 + y - z) 
J/M 1 + y + V ) 2 


Suy ra %) < max{/i(l), /i(2), 

TTT1-ftm 2z2 + 1 ( 7 ^- 4 )(^- 2 ) , 9/9 

TH1 ' h(1) “ W + z ) ~ 82(2 + 2) + 8 - 8 

TH2: ft(2) = ~ / 10)( tr 2) + | | 

10 2(2 + 3) 5 5 

,.,*(* + + 2 ( z 2 + l) 4(22 — 1)(2 — 2) 10 

™ 3 - h (^rr) = tjttf = 9(2+1)= - o' 

Xet /(2) thi tUdng tu... 

Tom lai maxP = - khi (x, y, z) = (2, 2,1) va hoan vi. 


Ldi giai 2 

Ta drfa P ve 2 bien sau do la 1 bign nhu sau Dat y=hx va z=kx Gia sdz>y>x^2>h> 
k> 1 Khi do 


h 2 + h 2 k 2 + k 2 4 + 4k 2 + k 2 
hk{l + h + k) ~ 2k (1 + 2 + k) 


That vay bat dang thhc da cho trfdng drfdng vdi 


u (h 2 — 4) [k 2 + 1) ^ (h-2)(h + 3 + k) ^ , n {(h + 2) (A: 2 + 1) h + 3 + k\^ n 
4 + 5k 2 ~ 2(3 + k) ( 2 V 4 + 5 k 2 2 (3 + k) ) ~ ° 


Thay (h + 2) (k 2 + 1) (2k + 6) - (4 + 5A; 2 ) (h + k + 3) = h (2k 3 + k 2 + 2k + 2) - k 3 - 3k 2 > 

4 _i_ 5^.2 

A; 3 - 2k 2 + 2k + 2 = k (k - if + k + 2 > 0 Do d6 P < -f- — z-r < § & 13 k 2 - 36 k + 20 < 

ZrC yu rvJ 

0 <+> (A: — 2) (13 k — 10) < 0 dung vdi moi k € [1,2] Vay P max = jj 

Ldi giai 3 

Dat y = hx vh z = kx.Gik sxtz>y>x^2>h>k>l. 

Khi do 


h 2 + h 2 k 2 + k 2 
hk(l + h + k) 


=m 


Ta co 

w/l\ _ (hk + h + k)(k 2 (h-l) + h-k) ^ 
n) h 2 k(l + h + k) 2 


Suy ra 

P< f(2) 5fc2+4 . (^-lOKfc-a) . 6 6 

- n> 2k(k + 3) 10k(k + 3) 5“S 


©Ngo Hoang Toan 


www.k2pi.net 


Trang 61 





























3.2 Bat dang thilc trong de thi thii cac diSn dan 3 TUYEN TAP bAt DANG THLfC 


(Bai toanj 

13 Cho x, y, z la cac so there khong am thoa man xy + yz + zx > O.Tim gia tri nho nhat 
cua bieu thtic : 

= + Ay/z + 1 + 2yJx + 2y + A 


y/x(y + z ) + 2z 2 y/y(x + Az) 

Di thi thvC l&n 15 dien dan k2pi.net 


Ldi giai 1 


Ay/z + 1 + 2\Jx + 2y + A = A (^y/z + 1 + + \ + 

> 4 ^1 + \j\ + \ + z + l ) = 4 + 2 V X + 2y + Az + A 

1 _ 2y/2 > 2y/2 

y/y (x + Az) 2y/2y {x + Az) ~ x + 2y + Az 

1 2y/2 


2y/2 


y/x (y + z) + 2 z 2 y/x(y + z) + 2 z 2 y/l6z^~A-8xy~+8xz x + 2 y + Az 

Dat t = x + 2y + Az, t > 0 


4 a /o ,_ 

P>m = ^+2V( + 4 + 4 

, -4V2 1 

f'(t ) =0^ 4^2^*+! = t 2 
=> t 4 - 32t - 128 = 0 t = A 
/(4) = 4 + 5^2 
lim /(t) = +oo 

s—>-0+ 

lim /(t) = +oo 

Ttf do suy ra: GTNN cua ham so f(t) tren khoang (0; +oo) la /(4) = 4 + by/2 
Gia tri nho nhat cua P la 4 + by/2 dat vdi (x; y\ z) — (2; 1; 0) 

Ldi giai 2 
Ta co: 

P = 2(y/Az + A + y/x + 2 y + A) + 1 = + 1 =2 Q + R 

y/x(y + z) + 2z 2 V?/(x + 4z) 

+)Xet: 

g = V4z + 4 + ^x + 2y + A > 2 + y/x + 2y + Az + 4 >2 + ^4 + x + 2y + 3z 
(Do Vo + 4 + + 4 > 2 + V^4 + a + 6(Va; b > 0); dau bang xay ra khi va chi ab = 0 ) 
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3 TUYEN TAP bAt DANG THIjC 3.2 Bat dang thdc trong de thi thd cac dwn dan 


•+)Xet R = 


V x (y + z) + 2z 2 y/y(x + 4 z) 

2 2y[2 


2y/2 


Ay/2 


yj ( xy + xz + 2 z 2 ) (yx + 4 zy) yj2xy + xz + 2 z 2 + Azy ^/{x + 2 z)(z + 2 y) x + 2y + 3z 

,_ 4\/2 

Dat t = x + 2y + 3z > O.Suy ra: P = 2(2 + y/A + t ) H-— 

Xet ham so /(t) = 2(2 + y/A~+t) + tren (0; +oo) f(t) = . ^ = 0 t = 4 

t y/A + t t 2 

=> f(t ) > /(4) = 4 + 5a/ 2 Vay minP = 4 + 5^2 x = 2; y = 1; 0 = 0 □ 


i Bai to an] 

cac so 


so time drfdng thoa man x 2 + y 2 = l.Tim gia tri nho nhat cua bieu 

P = xy/l — y 2 + yV 1 — x 2 

£)e thi so 1 dien dan boxmath.vn 


Ldi giai 1 

Dau tien ta chdng minh BDT: yj a 2 + b 2 + y/c 2 + d 2 > y/(a + c ) 2 + {b + d ) 2 , V a, b, c, d E R 

Bang each binh phitdng 2 ve va thu gon, ta drfa v§ BDT tilting drfdng la: -^/(a 2 + b 2 )(c 2 + d 2 ) > 
ac + bd 

BDT dung theo BDT Bunhiacovsky. 

Vay Vo 2 + b 2 + Vc 2 + d 2 > y/{a + c) 2 + (b + d) 2 
Dang thdc xay ra khi a = kc va b = kd (k E R). 

Trd lai bai Tdan. Sd dung di6u kien va BDT tren ta c6: 



= xy/(x + y) 2 -y 2 + yyj(x + y) 2 - x 2 
= xyjx 2 + 2 xy + yy/y 2 + 2 yx 
= \j (x 2 ) 2 + (xy/2xy) 2 + \] (y 2 ) 2 + (yy/2xy) 2 
> yj[x 2 + y 2 ) 2 + 2 xy(x + y) 2 


Ma 


Nen ta suy ra 


(; x 2 + y 2 ) 2 + 2xy(x + y) 2 = (x 2 + y 2 ) 2 + 2xy 

= (^ + /r + C ^ + y ) 2 -(^ 2 + y 2 ) 

/ 2 2 1x2 3 ^ 3 

-(- 2 + . 2 - 2) 2 + i > i 


p > 


v/3 

2 


Dang thdc xay ra khi x = y = 
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3.2 Bat dang thdc trong de thi thii cac diSn dan 3 TUYEN TAP bAt DANG THLfC 

/O 1 

Vay GTNN cua P la khi x = y =-. 

Neu cho dieu kien la x, y khong am thi P = xyj\ — y 2 + ys/1 — x 2 < x.l + y. 1 = 1 
Dang thdc xay ra khi (x, y) la mot hoan vi cua (0; 1). □ 

Ldi giai 2 
Ta co : 

P 2 = z 2 (l - y 2 ) + y 2 { 1 - x 2 ) + 2xyy/(l - x 2 )(l - y 2 ) 

Hay 

x 2 + y 2 - 2x 2 y 2 + 2 xyyj ( x 2 y 2 + 2 xy) 

Hay 

P 2 = 1 — 2 xy — 2 x 2 y 2 + 2 xyyj ( x 2 y 2 + 2a;?/) 

Dat £ = xy.Ta co 0 < t < - 


fit) = 1 - 2t + 2£ 2 + 2tVt 2 + 2t 


/'(t) = -2 + 4£ + 2\[W+2t + 2t ( fj + = < 0 


/£ 2 + 21 


vdi moi t thoa 0 < t < Suy ra :f(t) la ham nghich bien./(t) > /(-) = ^.Suy ra P > ^ □ 

Ldi giai 3 

Ta co : x + y = 1 =>• x; y e (0; 1) 

Do do ta co : 

P = x-^/l — (1 — z) 2 + (1 — — a; 2 - xy/2x — a: 2 + (1 — x)\/l — a; 2 Ta se khao sat ham so 

P(x) vdi 

3x — 2x 2 (1 — x)(l + 2x) 


Co P\x) = 


\/2x 


/I — x 2 


p'( x ) 

3x — 2x 2 
y/2x - x 2 


3x-2x 2 (1 - x)(l + 2x) 

0 ; - - ; —- = 0 

%/2x -:# \/l 


(1 - x)(l + 2x) 


<f>>(3x — 2x 2 )\/(l — x)(l + x) — (1 — x)(l + 2x)\/x{2 — x) 
4^(3 — 2x)\Jx{l + x) — (1 + 2x)y/{l — x) (2 — x) 
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3 TUYEN TAP BAT dAnG THlfC 


3.2 Bat dang thiic trong de thi thii cac dwn dan 



Ldi giai: 

Ap dung BDT: x 2 + y 2 > ^±l)l 

3 5 

Ta co: P > — (x + y) 2 + -z 2 + xy- yj 10 (xy + yz + zx) > \(x + y)z\ + xy-y/l0(xy + yz + zx) 


> (xy + yz + zx) — y/10(xy + yz + zx) 
Dat t = y/xy + yz + zx t > 0 
=> P>t 2 - y/lOt 

Xet ham so f(t) — t 2 — y/Wt vdi t > 0 


Ta co f(t) = 2 1 — vTo, f(t) = 0 => t = 

Lap bang bien thien ta co Minf(t) — f(^~^~) = 


Vay MinP = — 


5 

2 


5 

2 


Dau ” = ” xay ra khi x — y va, z 


9 , , 9 v 5 

= —(x + y) z va xy + yz + zx = - 


Kay x = B =-|=,, =-|= h° S c x = y =--|=,, =--|= 


□ 


f - (Bai toanj - 

cac so there drtdng thay doi va thoa man 2(a 4 +6 4 +c 4 ) — 3(a 2 +5 2 +c 2 ) + 12 = 

(a + b + c) 2 . Tim gia tri nho nhat cua bieu there 

p _ a 2 b 2 c 2 

3b + c 3c + a 3a + b 

De thi so 3 dien dan boxmath.vn 

Ldi giai: 

Thu gon gia thiet, ta derpe: ab + bc + ca= (a 4 + b 4 + c 4 ) — 2(a 2 + b 2 + c 2 ) + 6 = XX ° 4 + 1) — 
2(a 2 + b 2 + c 2 ) + 3 > 3 Suy ra a + b + c > y/3 (ab + bc+ ca) = 3 
Ta co: 


r> ( E «) 2 ( E «) 2 ^3 

“ XX 3 ^ + c) 4(a + b + c) 4 
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3.2 Bat dang thiic trong de thi thi} cac diin dan 


3 TUYEN TAP bAt DANG THLfC 


Dan g thufc xay ra a = b = c — 1 □ 

r (Bai toanj 

cac^so thufc x, y, z thoa man z + y + z > 3.Tim gia tri nho nhat cua bieu thufc : I 
P = 2 x x + 2 v y + 2 z z 

Di thi so 4 dien dan boxmath.vn 

Ldi giai: 

Khong mat tinh tong quat gia si!: x > y > z =>- 2 X > 2 y > 2 Z . 

Ta co: 


2 x x + 2 y y + 2 z z > 2 x y + 2 y x + 2 z z > 2 x y + 2 y z + 2 z x 
Tufting tuf ta cuing co: 


2 x x + 2 y y + 2 Z z P 2 x z + 2 y x + 2 z y 

s* 3{2 x x + 2yy + 2 z z) > {2 x x + 2 y y + 2 Z z) + (2 x y + 2 v z + 2 z x) + (2 x z + 2% + 2 z y) > (2 X + 2 y + 
2 2 )(x + y + z) > 3(2 I + 2 y + 2 2 ) 

=>- 2 x x+2 y y + 2 z z >2 x + 2 y + 2 z > 3^2 x+y+z > 6 


=>■ Min{P) = 6 Xay ra khi: x = y = z = 1 

Bai. .toanj 

118 | (Jno c^bjc la cac so thufc dufdng thoa man a + b + c — ab + be + ca. Tim gia tri nho 

nhat cua bieu thufc 

6 + (a — b + 2) 2 + (b — c + 2) 2 + (c — a + 2) 2 9 

= 2 {ab 2 + be 2 + ca 2 ) 2 

Di thi so 5 dien dan boxmath.vn 


a + b + c — ab +be+ ac< ^ g~*~ ^ SU Y ?&a + b + c>3 


Ldi giai: 

c = 

9 {ab + bc + ac) 2 
[(a + b + c) {a 2 b + b 2 c + c 2 a )] 2 — {ab + bc+ ac) 4 
6 + ^)(a — ^) 2 T 3-2 2 6 + 2 ^ a 2 — 2 ^ ab + 12 

2 _ 2 
9 + x 2 — 3x>9 + 0 = 9 


—9(a£> + be + ac) 2 


-9 


r>-l 


{ab + bc + ac) 2 * {a + b + c) 2 
= 9 + X) a 2 - °b — 9 + Q2 a) 2 - 3 ab = 


Vay gia tri be nhat cua P = 8 khi a = 6 = c = 1 □ 

r [Bai toanj 

119 |(Jno cau^so thufc khong am x, y, z thoa man dieu kien x 2 +xy+yz — 3 xz va x 2 +y 2 +z 2 > I 
O.Tim gia tri nho nhat cua bieu thufc : 

„ x 16 y 25z 

P =-1-1- 

y + z z + x x + y 

De thi so 1 dien dan toanphongthong.vn 
Ldi giai 1 Dtf doan dau bang xay ra tai x = 3z, y = 0 De y neu z = 0 thi x = y = 0 trai vdi 
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3 TUYEN TAP bAt DANG THIjC 3.2 Bat dang thdc trong de thi thd cac dwn dan 


gia thiet nen loai. Neu z A 0 thi dat - = a, - = 6 td gia thiet ta co: 

o , ,3 a — a 2 

a z + ab + b = 3a ^ b = -— va a < 3 

o + l 


Va ta co: 

a 16 b 25 


6 + 1 a + 1 a + b 3o — o 2 ^ i a + 1 


1c 3a — a 2 

^ a + 1 25(a + 1) a(a + 1) + 16(3a — a 2 ) ^ 25(a + 1) 


4a 4a + 1 - a 2 (o + l) 2 


Ta se chdng minh: 


o + l 


o(o + l) 16(3o-o 2 ) 25(o + l)^34 

4o + 1 - o 2 + (o + l) 2 + 4o “ ~3~ 

> 43a 5 — 411a 4 + 966o 3 + 546a 2 + 175o + 25 > ^j^.a(a + l) 2 (4o + 1 — a 2 ) 

► ~(a- 3)(265o 4 - 710a 3 - 320o 2 - 138o - 25) > 0 


Nhiing do 0 < a < 3 nen < _ a 4 < 255a 2 Suy ra: a — 3 < 0; 265a 4 — 710a 3 — 320a 2 — 

[ -65a 2 - 138a - 25 < 0 

138a - 25 < 0 

Vay bat dang thdc tren luon dung. Ta co Pm in — —• Dau dang thdc xay ra tai a = 3, b = 0 
hay x — 3z, y = 0 

Ldi giai2 

Dat x — az,y = bz Td gia thiet ta co: (a + l)(a + b) =4 a4a£ [0; 3], b G [0; 1] 

Aa 

Td (a + l)(a + b) = 4a =>• a + b = -- =J>a + &G [0;3]. 

. a + 166 25 

Bieu thrfc P drfdc viet lai: P = - -+ *-1-- 

6 + 1 a + 1 a + 6 

P-42 = (a+6+1) > (a+6+1) [-+ = 25(a+6+l) [-\—^+- 

[6 + 1 a + 1 a + 6j [a + 6 + 2 a + 6j [a + 6 + 2 a 

Dat t = a + 6 =+ t e [0; 3] Xet ham so F(t) = 2 + ^ — Ta co F'(t) = — ^ + +2) 2 

F'(t) — 0=$>t = —I, 

32 34 

Lap bang bien thien ta co MinFit) = F(3) = — Vay MinP = — khi t = 3 hay a = 3, 6 = 0 

15 3 

hay y = 0, x = 3 z □ 


1 

+ 6 


(Bai toanj 

| 20 | Cho a, 6 la hai so 1 


so thuc duong thoa man dieu kien a + 186 2 = a 2 + 166 3 . Tim gia tri 
nho nhat cua bieu thdc: 

P = a + 6 + 4 
ab 

De thi so 2 dien dan toanphongthong.vn 


Ldi giai:Txi gia thiet ta co: 

a + 186 2 = a 2 + 4 + 86 3 + 86 3 + 8 - 12 > 4a + 246 2 - 12 
3a + 66 2 < 12 <++> 18 > 3a + 6(6 2 + 1) > 3a + 126 
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3.2 Bat dang thiic trong de thi thi} cac diSn dan 


3 TUYEN TAP bAt DANG THLfC 


Ta co 3P = 3a + 3b + > 3a + 36 + ^ = (3a + i^) + ( 36 + ^ ) >18 

ab ab \ a I \ b I 

=>• P > 6. Vay MinP = 6 khi a = 2, b — 1. 

( Bai toan] 

21 Cjlio cac so thilc khong am x , y, z thoa man dieu kien: x 3 + y 3 + z 3 + xyz — 3 va I 
z = min{a;, y , z}. 

Tim gia tri ldn nhat cua bieu thdc: P = (x — z)(y — z)(x + y — z) + 2 z(x 2 + y 2 ) 

Di thi so 3 dien dan toanphongthong.vn 

Ldi giai: Ta co 

3 - P = 2 z(z - x)(z - y) + (x + y - z)(x - yf 

Vi z — min{x, y, z} nen 2 z(z — x)(z — y) > 0 Wz > 0 va (x + y — z)(x — y) 2 > 0 Vz > 0. Suy ra 
P < 3. 

I 2z(z - x)(z ~ y) = 0 

(x + y — z) (x — y) 2 = 0 £ = = hoac x — y — 

x 3 + y 3 + z 3 + xyz = 3 

□ 

r - [Bai toan)- 

cac so thcfc khong am a, b , c thoa man: db + 2 be + 3ca = 6. Tim gia tri nho nhat I 
cua bieu thhc: 

P = (a + b) (b + c) (c + a) + 4a + b + c 

De thi so 4 dien dan toanphongthong.vn 

Ldi gfiai.-Nhu tap trrfdc bo phim, mot so khan gia da du doan dude Min P = 12 khi (a, b , c) = 
(1,0,2) 

Neu diem rdi nhu vay thi "tinh cd" (a + b)(b + c)(c + a) = 4a + b -f C = 6. Anh "bac ba" di vdi 
co "bac nhat", ma de bai lai la bac hai. Mot each trf nhien, han ai cung nghl tdi viec tac thanh 
cho cap doi hoan hao nay. 

That vay, snt dung bat dang thile AM-GM, ta co: 

P > 2 y/(a + b)(b + c)(c + a) (4 a + b+ c ) 

De thay cluing minh se hoan tat neu ta chi ra drfdc 

(a + b)(b + c ) (c + a) (4a + b + c) > 36 


Hay 

M = (a + b) (b + c) (c + a) (4a + b + c) > (ab + 2 be + 3ca) 2 

Tdi day thi y tudng Cauchy Schwarz da lo ro. Tat nhien canh ket thuc bo phim thi bao gid 
cung lang man va day tinh te. De y rang 

M = [a(b + c) 2 + b(c — a) 2 + c(a + &) 2 ](4a + b + c) > [2 a(b + c) + b(c — a) + c(a + b)] 2 
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3 TUYEN TAP bAt DANG THLfC 3.2 Bat dang tlnic trong de thi thii cac di§n dan 
Hay 

M > (ab + 2 be + 3 caf 

Ttf docodieu phai cluing minh. 

r Bai toan]- 

| 23a”ba so thtfc dtfdng a, b, c. Tim gia tri nho nhat cua bieu thiic: 

+ b + c) (ab + be + ca) 4 be 


□ 


r = - + 


abc (b + c) 2 

Di thi so 5 dien dan toanphongthong.vn 


Ldi giai 1 

Co the xii ly the nay 


P = j 3 + t±f + ht±f) + ' + ‘ + . 


be b c (b + cf 




, | o.l ( 6 + C ) , ( 6 + C ) , 4(,c 


= 1 + ,/M + 


be J (b + cf 


n _|_ \2 

Dat t = -—-——, suy ra t > 4. Luc nay ta khao sat ham so hoac dung bat dang tlnic de xii li 
be 

ham sau 

f (t) — 1 + Vt+- 


Ldi giai 2 

Ta co: 


46c abc 27 abc 


{b + cf (a + b + c) 3 






abc v abc V V abc 

Dat i = ( Q ^ c ) > 27 Ta chi can xet ham : fu\ = \/3\/t, + —. 

abc t 

Ldi giai 3 

Ap dung bat dang thitc AM-GM dupe: 

(a + b + c)(ab + bc + ca) = a 2 (b + c) + abc + a(b + cf + ( b + c)bc > 2 aVbc(b + c) + abc + a(b + cf 
Th do ta co: 


b + c (b + cf 4 be _ b + c 4 be 

+_ b^ + W+cf = A/^c + + Jb + cf 
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3.2 Bat dang thdc trong de thi thii cac diSn dan 3 TUYEN TAP bAt DANG THLfC 


Theo bat dang thdc AM-GM ta lai co: 

b + c t ^ Abe b + c t b + c t Abe t 1 

7ST + (&++ = VS + + (F++ + 

Vay gia tri nho nhat cua P la 4 dat diWc khi va chi khi a = b — c. 


>3+1=4 


□ 


©Ngo Hoang Toan 


Trang 70 





3 TUYEN TAP bAt DANG THLfC 3.2 Bat dang thtfc trong de thi thir cac diSn dan 


BAI TAP REN LUYEN 
r i Bai toll 

l24UEo cat^so thuc x, y > 0 va thoa man x + y + 1 = 3xy.Tim gia tri Idn nhat cua bieu 
thilc : 

3* ^ 3y __M + 1 


y(x + 1 ) x(y + 1 ) \x 2 y 2 

De thi thiC so 1 dien dan moon.vn 

25 Cho cac so thcfc khong am x, y , z thoa man x + y + z = l.Tim gia tri nho nhat cua 
bieu thtic 

P = 4(a; 3 + y 3 + z 3 ) + 15xyz 

De thi so 2 dien dan moon.vn 

| 26 Cho ba so thrfc x, y , z thuoc doan [ 0 ; 2 ] va thoa man x + y + z = 3.Tim gia tri ldn nhat 
va gia tri nho nhat cua 

P = x 2 + y 2 + z 2 — xy — yz — zx 

De thi so 5 dien dan moon.vn 

| 27 Cho ba so thuc duong x, y, z thoa man x + y + z = 3.Tim gia tri nho nhat cua bieu 
thhc 


x + y 2 y + z 2 


De thi so 6 dien dan moon.vn 


28 Cho cac so thitc duong x, y, z thoa man x(x — 1 ) + y(y — 1 ) + z(z — 1 ) < 6 .Tim gia tri 
nho nhat cua bieu thiic 


1 1 1 
r + ——— + - 


a; + y + 1 y + z + 1 z + x + 1 

Di thi so 7 dien dan moon.vn 

29 Cho cac so thuc duong a, b thoa man ab + a + b = 3.Ctiling minh rang 

3a 36 ab 9 ,, 3 

7 - 7 + - 7 + -r < a 2 + b 2 + - 

6 + 1 a +1 a + 6 2 

De thi so 8 dien dan moon.vn 

3(_)]Oho. cac so thuc duong a, 6 thoa man ab + a + 6 = 3.Tim gia tri nho nhat cua bieu thile 

T Y- + JY + 2ab-Vf^M 

6+1 a +1 


De thi so 9 dien dan moon.vn 
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3.2 Bat dang thilc trong de thi thii cac diSn dan 3 TUYEN TAP bAt DANG THLfC 


( (Bai toan] 

[31J (Jko cac so thuc duong x, y, z thoa man x + y + z = 3.Tim gia tri nho nhat cua bieu 


thdc : 

P = 


4 y 


y (2y/l + 8y 3 + Ax-2^ z ( 2 Vl + 8 - 3 + % - 2 ) x (2VT+&C* + 4z - 2) 

Di thi so 10 dien dan moon.vn 

[32]Cho cac so thiic khong am x, y, z thoa man x + y + z > O.Tim gia tri nho nhat cua 
bieu thtfc 

p _ x 3 + y 3 + 16 z 3 
(x + y + z) 3 

De thi so 11 dien dan moon.vn 

Jig 1 Cho cac so thuc duong x, y, z thoa man x + y + z < 3.Tim gia tri nho nhat cua bieu 
thtic 

2 2 2 1 1 1 

x 3 y 3 z 3 + x 2 — xy + y 2 y 2 — yz + z 2 z 2 — zx + x 2 

Di thi so 12 dien dan moon.vn 

| 34 Cho x, y, z la cac so thuc thuoc doan 2j .Tim gia tri nho nhat cua bieu thde 
„ 60^ 2 - 1 60x 2 - 1 60 y 2 - 1 

P = - 1 - 1 - - - 

4 xy + 5 z Ayz + 5x Azx + 5 y 

Di thi so 13 dien dan moon.vn 

35 Cho x , y, z la cac so thuc duong thoa man xy + yz + zx — 3.Tim gia tri nho nhat cua 
bieu thUc: 


xyz (x + y)(y + z)(z + x ) 

Di thi so 14 dien dan moon.vn 

36 Cho cac so thuc dUdng a, b, c va thoa man 2 ab + 5 be + 6 ca = Gabc.T'nn gia tri nho nhat 
cua bieu thde: 

p ab Abe 9 ca 
b + 2a Ac + b a + Ac 

Di thi so 15 dien dan moon.vn 
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3 TUYEN TAP bAt DANG THLfC 3.3 Bat dang thtic trong de thi thii cac trung tam 


3.3 Bat dang thufc trong de thi thuf cac trung tam 


11 |Cho x , y, z la cac so thuc du’Ong.Tirn gia tri lcin nhat cua 
4 9 


y/x 2 + y 2 + z 2 + 4 (x + y)y/(x + 2z)(y + 2z) 

De thi thii Ian 1 trung tam nguoithay.vn 


Ldi giai: 

Sd dung bat dang thdc AM — GM va Cauchy — Schwarz ta co : 


V (x + 2 z)(y + 2z) < 


x + y + 4z 


( 3x + 3 y)(x + y + 4 z) < 


16(x + y + z) 2 


Vay ta co 


27 


' x + y + z + 2 2 (x + y + z) 2 


Den day,dat t = x + y + z]t > Ota tim dude gia tri ldn nhat cua P.Dang thdc xay ra khi 

x □ 

Bai toan 


2 |Cho x , y, 2 : la cac so thifc duong thoa man x + y + 1 = z. Tim gia tri nho nhat cua bieu 
tlihc 

„ x 3 , y 3 , z 3 , 14 


v + yz y + zx z + xy (z+ T)y/(x+ l)(y+ 1) 

De thi thii lan 2 trung tam nguoithay.vn 


Ldi giai: 

Sd dung bat dang thdc Cauchy-Schwarz ta co : 


2 : + xy = (x + 1) (y + 1) < 


(x + y + 2) 2 
4 


(z + 1) 2 

4 


x + yz 


y 3 > (x 2 + y 2 ) 2 > * 2 + y 2 > (x + y ) 2 

y + zx ~ x 2 + y 2 + 2xyz ~ z + 1 ~ 2(z + 1) 


Qz-1) 2 
2 (^ + 1 ) 


Do do 


P > ^-|-—-1- 

- 2 (z+l) (z + 1) 2 (z + iy 
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3.3 Bat dang thrfc trong de thi thrf cac trung tam 3 TUYEN TAP BAT DANG THLfC 


53 15 

Khao sat ham so tren vdi 2 > 0 ta tim drfdc gia tri nho nhat bang — khi x — y = —; z = - 

8 3 3 


3 |Cho x, y , z la cac so thrfc drfdng thoa man xyz — x + y+ z + 2.Tim gia tri ldn nhat cua 
bieu thrfc : 


v /^+2 y /^+2 y /^+2 

De thi thxi lan 3 trung tam nguoithay.vn 


Ldi giai 1 

12 , 

Vdi gia thiet bai toan ta viet lai la V"-1-= 1. Dang thrfc nay khien chung ta lien trfdng 

^ 1 xy i xyz 

tdi phep dat m = .n = ——.p = —=. Hien nhien, m,n,p drfdng. Khi do gia thiet bai 

y/xy yfyz y/ZX 

toan dupe viet lai la 


mf + n 2 + p z + 2 mnp = 1 


Luc nay, 


P= - 


mp 


y/n 2 + 2 mp yjw? + Trip y/p 2 + 2mn 

Gia thiet khien chung ta lien trfdng den phep dat m = cos A, n = cos B, p = cos C vdi A, B, C 
la ba goc mot tam giac nhon ABC nao do. Khi ay, bieu thhc P c6 the chuyen ve bieu thrfc chila 
cac ham lrfpng giac. Nhrfng, trong lrfpng giac ta lai co mot cong thrfc kha thu vi va co nhieu dng 
cot^ A. 

dung do la cos 2 A = 7---—7--- —. Vi the, neu cot A = u. cot B — v, cot C = w 

' (cot A + cot B) (cot A + cot C) 

thi ta co the dat luon nhrf sau 


np 


y/(u + v) (u + w) ’ y/(v + u) (v + w) ’ y/(w + u)(w + v) 

Do do, vdi uw + vw + uw = 1 thi 

,, uv vw uw 

P = - -I- — -I- — 

yj (uw + vw) 2 + 2 (uv) 2 yj (uw + Uv) 2 + 2 (vw) 2 yj (uV + Vw) 2 + 2{uw) 2 

Lai tiep tuc dat a — uv , b = vw, c — uw ta co a + b + c = 1 va 

p= _ a , b , c 


y/(b + c ) 2 + 2 a 2 y/(a + c) 2 + 2 b 2 y/(b + a) 2 + 2c 2 

Ap dung BDT Cauchy — Schwarz ta co 

a ay /3 ^ ay /6 

V / ( f, + c ) 2 + 2 “ 2 y3[ftMi + ftH£ + "^J“ 2(a + 6 + c) 

Xet trfdng trf cho hai bieu thrfc con lai ta suy ra 


-I 
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3 TUYEN TAP bAt DANG THLfC 3.3 Bat dang thtic trong de thi thvC cac trung tam 


Vay, 


maxP = 


V6 

2 


x = y = z = 2. 


Ldi giai 2 

Bien doi gia thiet ve 

1 1 1 ! 
l + x 1 + y 1 + z 

Thi co the sii dung bat dang thhc Cauchy — Schwarz ta co : 


(x 2 + 2)(l + i)>( I+ l) 2 .^ 


/3 1 
V 2x + l 


Tucing tit cho cac bat dang thhc con lai .Cong ve theo ve cac bat dang thhc ta co P < □ 

[Ba^oanJ 

Echo x, y, z la cac so thuc dudng thoa man x 2 + y 2 + z 2 = Tim gia tri nho nhat cua 


bieu thhc 


xy + yz + zx 2 (x + y + z) 


x + y + z 9 (xy + yz + zx) 

De thi thv( lan 4 trung tam nguoithay.vn 


Ldi giai 1 Dat t = --———. Th dieu kien, ta dude t > 3 

xy + yz + zx 


p=m = \ +1 > /( 3 ) = i 


□ 

Ldi giai 2 
Th dieu kien ta co : 


1 

3 


= x 2 + y 2 + z 2 > 


{x + y + z) 2 
3 


O (x + y + z) < 1 


Ta lai co : 

(x + y + z) 2 > 3 (xy + yz + zx) 

p _ xy + yz + zx + x + y + z x + y + z 

x + y + z 9 (xy + yz + zx) 9 (xy + yz + zx) 
xy + yz + zx p x + y + z + (x + y + z) 2 

Vay : x + y + z 9 (xy + yz + zx) 9 (x + y + z) (xy + yz + zx) □ 

> - 1 
~ 3 + 3 (x + y + z) 

> 1 
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3.3 Bat dang thiic trong de thi thii cac trung tain 3 TUYEN TAP bAt DANG THLfC 


Bai toanj - 

la cac so thuc dUdng thoa man xy + yz + zx = l.Tim gia tri nho nhat cua 

bieu thiic: 


5x 2 + y 2 + 2 z* + 


16a; 2 + z 2 + 6 xy + 12 yz 

De thi thvt Ian 5 trung tam nguoithay.vn 


Ldi giai: 

Rat kho de doan dude diem rdi trong bai nay! Vi the, vdi dang cua bieu thiic P ta chi co the 
dung phudng phap he so bat dinh de tim diem rdi. Cu the, ta phai chon so k ldn nhat de 
x 2 + 2 y 2 + 5 z 2 > 2 k{xy + yz + zx) = 2k (1) va phai dam bao dau bang xay ra. Toi chon con 
so 2k de he so cho dep va co y do d bien doi tiep theo. Neu dung Cauchy — Schwarz true tiep 
thi 

" y z 


x 2 + 2y 2 + 5z 2 = — + Y + - 

1 - 5 

2 




Suy ra k max = —. Nhung khi ay, ket hdp gia thiet thi dau bang khong xay ra. Do do, chung ta 
co the dieu chinh he so k de dau bang xay ra khi ap dung Cauchy — Schwarz. Ta co the bien 
doi (1) thanh 

(1 + k)x 2 + (2 + k)y 2 + (5 + k)z 2 > k(x + y + z) 2 (2) 

Luc nay, ap dung Cauchy — Schwarz ta dude 


VT(2) = 


1 + k 2 + k 


^ (x + y + z ) 2 

- 1 1 1 

' - - + - 

1+k 2+k 5 +k 


Do do, so k max thoa man bat dang thile (2) phai la nghiem cua phUdng trinh sau: 

1 k 

,1 1 

^ + 2 + k + 5 + k 


Giai phudng trinh vdi dieu kien k > Ota dude 3 nghiem, tat nhien ta chon nghiem k = 1. 

Nhu vay vdi phan tich tren chung ta di dang cluing minh dude bat dang thiic phu x 2 +2y 2 +5z 2 > 
2 (xy + yz + zx) — 2. 

Th do chung ta co the du doan dau bang xay ra khi 6x = 2y = 3z. 

TrUdc het, chung ta can cluing minh bat dang thiic phu: 

5x 2 + y 2 + 2z 2 > 2 (xy + yz + zx) = 2 

That vay, bat dang thiic tren tUdng dUdng vdi 

6x 2 + 2y 2 + 3z 2 > (x + y + z) 2 (*) 

Ma bat dang thiic (*) luon dung theo Cauchy — Schwarz. Mat khac, ta lai co 

16x 2 + z 2 + 6 xy + 12 yz < 16x 2 + z 2 + (9a; 2 + y 2 ) + (Ay 2 + 9 z 2 ) = 5(5a; 2 + y 2 + 2 z 2 ) 
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3 TUYEN TAP bAt DANG THLfC 3.3 Bat dang thtic trong de thi thii cac trung tam 


Ket hdp sh dung AM — GM suy ra dbdc 


p> 3(5x 2 + y 2 + 2z 2 ) | 5x 2 + y 2 + 2z 2 | 


4 ' 4 ' 5x 2 + y 2 + 2z 2 

W + f + 2*) 3 5 


Qx = 2y = 3z 
xy + yz + zx — 1 


6x = 2y = 3z = — 

a/TI 


6jCho x, y, z la cac so tlibc duong thoa man x — y + z + xyz. Tim gia tri ldn nhat cua 

biiu Me P = + - 

(x + y)(z 2 + 1) (z 2 + l)Vz 2 + 1 

De thi thii Ian 6 trung tam nguoithay.vn 


Ldi giai 1 

Dat c = — > 0, a = x + y > 0, b = x — y > 0. Gia thiet trd thanh 46c = 4 + a 2 — b 2 .. Bieu thhc 
P dbdc viet lai nhu sau: 

(i + Vb^iy , 2c 2 

a(l + c 2 ) 


(1 + c 2 )\J 1 + c 2 

Bai toan nay khong co c0 sd de db doan diem rdi. Nhung chac chan rang ta nen drfa ve ham 
theo bien c. O day, ta can phai khb het a, b. Chu y rang gia thiet luon ton tai gia tri b khi cho 
a, c la cac gia tri drfdng bat ki. Tb gia thiet ta co a = y/4(be — 1) + b 2 . Khi do 

p (1 + Vbc^ T) 2 2c 2 

_ (1 + C 2 )y/4(bc -l)+b 2 + (1 + C 2 )V1 + ^ 

Bai toan bay gid xem nhrf khong co gia thiet nba ngoai dieu kien be > 1. Cong viec bay gid la 
tim danh gia sau: 

(1 + \/bc- l) 2 


\/4(bc - 1) + b 2 


< /(c) 


That vay ta co 

(1 + Vbc — l) 2 = be + 2\/bc — 1 < a/(c 2 + 1)(6 2 + 4(6c — 1) 
Cuoi cung ta co dbdc 

P< ~ 


{l + Vb^T) 2 

y/4(bc -1) +b 2 " 


= 9(c) 


S/'d^ + l (1 + c 2 )vl + c 2 

Khao sat g(c) ta tim dbdc maxP = maxc/(c) = g{l) = \/2. 

Ldi giai 2 

(z + Zy/xy) 2 = z(z + xyz) + 2 z 2 y/xy = z(x - y) + 2z 2 jxy 
=k (z + z^/xy) 2 < \/z 2 + z A \J{x — y) 2 + 4 xy — zyjz 2 + 1 (x + y) 
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3.3 Bat dang thiic trong de thi thii cac trung tain 3 TUYEN TAP bAt DANG THLfC 


Suy ra : 


f #TT (z * 2 + 1) Vz^+l 


: (z 2 + 1) Vz^+l 


< \[2 <S=> (z 2 + 2) ( z 2 — l) 2 > 0 (luon dung) 


Vay P min - V2.Khi : (x = y/2 + 1, y = V2 - 1, z = l) 


Bai toan] 


[YjCn^T^Ma cac so there defdng thoa man x 2 + y 2 = x + y.Tirri gia tri nho nhat cua bieu 
there : 

P = 3x + 2y + 7 16 o + 16 


x + 3 y s/3x + 1 

De thi thit lan 7 trung tam nguoithay.vn 


Ldi giai: 

P = 3:c + 2y + ^ + 16 = fz + 3y + 7 ^) + f3a; + l+ ^ ) -(x + y)-l 

y/x + 3y V3a; + 1 \ V^ + 3y/\ 3x+lJ 

Tef gia thiet ta suy ra0<a; + y<2 

Mat khac ap dung bat dang there AM — GM ta co 

16 8 8 
x + 3y+ , = x + 3y + , + ■ , Q > 12 

V ■ x + 3y v ■£ + 3y + 3y 

3i + 1 + 377T = 3i + 1 + STT + STT- 12 

Suy ra 


x +%+ t ^) + { 3 " + 1 + ^ i )" (l+!,) “ 1 - 24 " 2_1 = 21 


Vay gia tri nho nhat cua P = 21 khi 2 ; = y = 1 

[ Bai toanj 

[8lCho x, y la cac so there defdng thoa man 2x 2 + 2y 2 H-= 5.Tim gia tri ldn nhat cua 

' xy 

bieu there : 

3 3 _ 4 

1 + x 2 1 + y 2 1 + 2 xy 

De thi thvC lan 8 trung tam nguoithay.vn 


Ldi giai: 

Tef dieu kien bai toan ta co 


2x 2 + 2 y 2 + — = 5 4 xy + — ^5o\^xy^l 

xy xy 4 


3 3_6 _ 3 {xy — 1) (x — yf 3 3 < 6 

1 + x 2 1 + y 2 1+ xy (x 2 + 1) (y 2 + 1) (xy + 1) "" 1 + x 2 1 + y 2 "" 1 + xy 
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3 TUYEN TAP bAt DANG THLfC 3.3 Bat dang thtic trong de thi thii cac trung tam 


f( x v) < J 118 * / (*) = ^ 

1 

4 

□ 


man y/x 2 + y 2 + 2x + 2y + 1 + z = 3.Tim gia 

tri kin nhat cua bieu thtic : 

P = x 4 + y 4 + z 4 

De thi thiC lan 9 trung tam nguoithay.vn 

Ldi giai: 

Tru’dc het ta cluing minh 

y/x 2 + y 2 + 2x + 2y + 1 > 1 + y/x 2 + y 2 (*) vdi x, y > 0 

That vay,binh phuong hai ve va thu gon ta drfdc xy > O.Digu nay dung theo gia thiet. 

Tif dieu kien ta co 

y/x 2 + y 2 < 2 — z =>• x 2 + y 2 < (2 — z) 2 

Mat khac ta co 

P < (x 2 + y 2 ) 2 + z 4 <(2- z) 4 + z 4 

Xet ham so f(z) — (2 — z) 4 + z 4 vdi £ E [0; 2],Khao sat ham so tren ta drfdc gia tri ldn nhat 
cua P = 16 khi x = y = 0] z = 2 v& cac hoan vi . □ 

r [Bai toan] 

[luJ<Jko x,y,z ’.a cac so thrfc khong am thoa man y/A + x 2 + y/A + 3 y + y/A + 3 z = 8.Tim I 
gia tri ldn nhat cua 

P = 2x 3 + 9 (y 3 + z 3 ) 

De thi thvC lan 10 trung tam nguoithay.vn 

Ldi giai: 

Tru’dc het ta cluing minh 


1 + xy 1 + 2 xy 


Dau = khi x — y = 


— [ Bai toan] - 

|~9~|Cho x, y, z la cac so thrfc khong am thoa 


y/A + a + VA + b >2 + y/A + a + b (*) 

That vay,ta co (*) tuong duong vdi y/A + ay/ A + b > 2y/A + a + b =g ab > 0 
Trf dieu kien ta co 

8 = y/A + x 2 + y/A + 3y + y/A + 3z >2 + y/A + x 2 + 3y + y/A + 3z >4 + y/A + x 2 + 3(y + z) 

x 2 

=>y + z<A-— (l) 

Do x, y, z > 0 nen trf (1) ta co 0 < x < 2y/3 
Ta lai co 

/ x 2\ 3 

P < 2x 3 + 9(y + z) 3 < 2x 3 + 9 f 4- — j 
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3.3 Bat dang thrfc trong de thi thd cac trung tam 3 TUYEN TAP BAT DANG THLfC 

Khao sat ham so tren doan [0; 2-\/3] ta drfpc gia tri ldn nhat cua P = 576 khi x = y = 0] z = 4 
va c ac hoan vi. □ 

r Bai to an] 

x,y,z la cac so thrfc drfdng thoa man x 2 + y 2 + z 2 < 3 .Tim gia tri nho nhat cua 
bieu thitc 

P-1 8 1 

“ (x + y + z) 2 + (y + l) 2 + (z + 6) 2 

De thi thi£ lan 11 trung tam nguoithay.vn 


Ldi giai: 

Ta bien doi gia thiet thanh x 2 + (y — 3) 2 + z 2 < 9.Va vdi drf doan la tac gia se cho dau” = ” 
xay ra vdi nhfrng so dep nen ta se the (x; |y — 3|; z) ling vdi bo so (2; 2; 1) va cac to hop cua 
no vao P.Ta thay gia tri nho nhat xay xay ra khi x = h y = Y z — 2 Ap dung bat dang thiic 
Cauchy — Schwarz,ta drfpc: 


180 y > (x 2 + y 2 + z 2 ){ l 2 + 5 2 + 2 2 ) > (x + 5y + 2 zf 
6^/Ey — 5y > 2z + x{l) 


Ap dung bat dang thde AM — GM : 

2 


P > - 


' (x + y + z)(z + 6) (y + ll) 2 (x + y + 2z + 6) 2 (y+11) 2 

Thay (1) vao,ta drfpc: 


P > 


64 


1 

(6 y/5y -4 y + 6) 2 + (y + ll) 2 “ [6\/% -3 y+ 17] 2 “ 16 


Vay gia tri nho nhat cua P la — 
16 

Ldi giai 2 

Trf dieu kien, ta co: 


x 2 y z 2 Ay Ay 

6 >-h — H-h — + — 

“ y 25 y 25 5 

2x Az Ay 

> -h-h — 

~ 5 5 5 


Suy ra: 2x + Ay + Az < 30 Khi do: 


1 4 4 1 

■ (x + y + W 2 + (</ + ll) 2 + {y + ll) 2 + P+W 

> , 16 

\/(2x + 2y + 2z)(y + 11)(</ + ll)(2z + 12) 

256 

_ (2x + Ay + Az + 34) 2 
^ 256 1 

“ (30 + 34) 2 “ 16 
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3 TUYEN TAP bAt DANG THLfC 3.3 Bat dang thtic trong de thi thd cac trung tam 


Dau "=" xay ra khi x = 1, y = 5, z = 2. □ 

Bai toan] 

\l2UM x^^Ta. hai so thrfc drfdng phan biet thoa man 3x 2 + 8 y 3 = 20.Tim gia tri nho nhat I 
cua bieu thtfc : 

^44 1 

P = -1-1- 

* 2 y 2 (x-y ) 2 

De thi thd: Ian 12 trung tam nguoithay.vn 

Lbi giai: 

Sd dung bat dang thtfc AM — GM ta co 


P = 



24 = 3x 2 + 4 (y 3 + y 3 + 1) > 3x 2 + 12y 2 > 12 xy => y < 1 

+ 1 > xy (± £\ xy =2 (*.v\ _i_ 

(x-yf- 2 b Vj ^-J)' \V x) + (x y_ \ 

\y + x 2 


Dat t — —I- - vdi ( > 2 suy ra P > 2t + - -- 

y x 2t — 4 

5 

Khao sat ham so tren drfdc gia tri nho nhat cua P = 6 khi t — - hay x = 2; y = 1. 


□ 
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3.4 Bat ding thiic trong Thii siic tnldc ki thi THTT 3 TUYEN TAP BAT DANG THLTC 


3.4 Bat dang thtic trong Thti stic trifdc ki thi THTT 



Suy radieuphai chtfng minh. 

— Bai toanj- 

[2]Ch(? x, y , 2 la ba so thrfc drfdng thoa man xyz + x + z = y. Tim gia tri ldn nhat cua bieu 
thdc : 


x 2 + l y 2 +1 y/^Tl (z 2 + l)\/PTl 

De thi thvt so 2 THTT 


Ldi giai: 


| 3 |Cho a, b, c la cac so thiic diOTng thoa man dieu kien a 3 + b 3 + c 3 = 3. Chdng minh rang : 

2 b 3 3c 3 3 


r + - 


; + - 


b 2 — 2b + 3 c 3 + a 2 - 2a - 3c + 7 a 4 + 6 4 + a 2 - 2b 2 - 6a + 11 “ 2 

De thi thvl so 4 THTT 


Ldi giai: 

Sh dung bat dang thhc Cauchy — Schwarz ta drfdc : 

_ a 3 2 b 3 3 c 3 a 3 + b 3 + c 3 

(b — l) 2 + 2 (c — l) 2 (c +2) + (a — l) 2 + 4 (a — l) 2 (a 2 + 2a + 4) + (b 2 — l) 2 + 6 — 2 

Dang thhc xay ra khi a = b — c = 1 □ 

[ Bai toanj 

4]rim gia tri nho nhat cua bieu thilc : 

P-1 1 1 

~ 2 + 4a + 3 + 9b + 6 + 36c 

, trong do a, b, c la cac so thitc drfdng thoa man dieu kien : a + b + c = 1 

De thi thii so 5 THTT 
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3 TUYEN TAP BAT DANG THIjC 3.4 Bat dang thde trong Thd silc truck: ki thi THTT 


Ldi giai: 

Sd dung bat dang thde Cauchy — Schwarz ta dddc : 


_ 9 4 1 ^ 36 _ 1 

“ 18 + 36a + 12 + 366 + 6 + 36c “ 72 “ 2 


Dang thdc xay ra khi 


321 3+2+1 1 

18 + 36a “ 12 + 366 “ 6 + 36c ~ 72 “ 12 

1 , 1 1 

^“ = 2 ' 6 = 3' C= 6 


[Udi tuanj 

f 7 3 9 1 

|ir|Cho x, y, z > 0 va goi P = max <x:y:z: —I- -sH—^ , tim gia tri nho nhat cua P 
' { x y 2 z 3 J 

De thi thi£ so 6 THTT 


Ldi giai: 

THI: Neu trong ba so x, y, z co mot so > 3 thi P > 3. 

TH2: Neu x,y,z < 3, suy ra 

7 3 9 7 3 9 o 

; + i? + ?-3 + p + p _3 ' 


P > 3 => min P = 3 


x = y = z = 3. 


6 |Gia sd x, y, z la cac so thde dddng thoa man x 2 + y 2 + z 2 = 3.Tim gia tri nho nhat cua 
bieu thde: 


x + y + z 

De thi thvt so 7 THTT 


Ldi giai: 

Bai nay trfdng doi de,ap dung bat dang thde Cauchy — Schwarz ta co : 

x 2 + l y 2 + 1 z 2 + 1 > (y^gqil + + > /j 2 +i )2 _ 6 + 2 (\/ (x 2 + l)(y 2 + 1) + y/p y 2 + l)(z 

y z x ~ x + y + z x + y + z 

Suy ra 


P>4 + 


x+y+z 3 


Dan g thde xay ra khi x = y — z = 1. 

Bai toanj 


7JXet cac so thde khong am x, y, z thoa man x 2 + y 2 + z 2 < 3y.Tim gia tri nho nhat cua: 


(x + 1) 2 (y + 2) (z + 3) 2 


De thi thvt so 8 THTT 
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3.4 Bat ding thtic trong Thii site tnldc ki thi THTT 3 TUYEN TAP BAT DANG THLTC 


Lcfi giai: 

Ta co vdi moi x, y, z thi 


^t 3 ) 2 

Cong ve theo ve cac bat dang thtic tren,suy ra gia tri nho nhat can tim. 
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4 bAt DANG THLfC LUYEN THI 2014 

Chuyen de difpc tong hop va bien soan lai til topic BAT DANG THLfC LUYEN THI DAI HOC 
2014 tai dien dan www.k2pi.net; tac gia chan thanh cam on sit giup dd cua anh illovemath 
da ho trp tac g ia trong viec tong hop cac bai toan tif topic tren. 

-[Ba^oanJ- 

Bai 1. Cho a, b, c la cac so thifc khong am thoa man a+b+c— 1. Tim GTLN cua bieu I 
thtfc 

P — (a — b) 3 + (b — c) 3 + (c — a) 3 


Ldi giai. Khong mat tinh tong quat, gia sit a > c > b. 

Ta co: 

(a — b) 3 + (b — c) 3 + (c — a) 3 — 3 (a — b)(b — c)(c — a) 


(a — b)(b — c )(c — a) = (a — b )(c — b)(a — c) ^ (a + b).c.(a + b — c) 
1 


Dfit a + b — x suy ra - < x < 1. 

Gib ta chi viec xet ham f(x) = x{l — x){2x — 1) vdi - < x < 1. 


^3 

Khao sat ham so f(x) ta co: maxP = — khi (a; b ; c) = 


3 + V3 Q 3 — V3 


□ 


Bai^oanJ 


Bai 2. Cho x, y, z difOng vh x 8 + y 8 + z 8 = — Chifng minh: 


x 2 + y 2 18 


giai 

Sil dung bat dang thifc Cauchy-Schwarz ta co 


(x 2 + y 2 + z 2 ) 4 < 9(x 4 + y 4 + z 4 ) 2 < 27(x 8 + y 8 + z 8 ) = 1 => x 2 + y 2 + z 2 < 1 

a: 8 

x 7 = x 8 = _x 8 _ > T > 3\/3^ g 

- 2 ,y Z iz.y Z ±z- v ra±z>- ■ 

- [Bai j toanJ 

Bai 2. Cho cac so thifc khong am a, b, c thoa man ab + be + ca > 0 va a + 2b + 3c = 4. 
Tim GTNN cua bieu thifc 


V»!+'fe + ca V ab+ be + c 2 


©Ngo Hoang Toan 


www.k2pi.net 


Trang 85 







































4 BAT DANG THLfC LUYEN THI 2014 


Lbi giai. Ap dung bat dang thdc cd ban: 


2V2 

Vm 2 + n 2 


2V2 


2V2 


AV2 


V( a + c) (c + 2b) y/(a + 2c) (c+ 2b) a + 2b + 3c 


-V2 


Dang thdc xay ra khi a = 2; b = 1; c = 0. 

Bai toan tUdng tn: 

Cho cac so thtfc thoa man a + b + c = 1; ab + be + ca > 0. Tim gia tri nho nhat 
cua bieu thufc 


P = 


2 2 
\a - b\ + \b - c\ + 


2 

|c-a| + 


5 

V ab + be + ca 


m 


- [Bai toan) 

Bai 3. Cho a,b,c> 0. Tim GTNN cua bieu thtfc 


a + Vab+ \/abc V a |»1 + c 


Lbi giai. Ap dung BDT Cauchy ta co: 

/— 5 * /o o 3 /— - — , / a a b 4 

Vab = \ -.2b < - + b va vabc = \ -.bAc < -k + -c 

V 2 — 4 Y 4 “12 33 


Suy ra 


a + Vab + Vabc < - (a + b + c) 


' 4 (a + b + c) Va + b + c 


Va + b + c 


P=b 2 _2 3 / _4V_ 4> _4 

4 4 V 3J 3 - 3 

4 4 

Vay minP = — - khi x — - hay a = Ab = 16c. 

Bai tap tUOng tU: Cho a,b,clh cac so thrfc ditOng. Tim gia tri nho nhat cua bieu thde 


3 + Vab + Vabc Va + b + c 

De thi HSG Tinh Nghe An nam 2012-2013 

O 
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BaiAoanJ 

Bai 4. Cho x,y,z > 0 thoa man x 2 + y 2 + z 2 + 2 xyz = 1. Tim GTLN cua bieu thdc 
P = (1-Z/ 2 ) + xy/(l -y 2 ) (1 - z 2 ) + yy/(l - z 2 ) (1 - x 2 ) + ^ + + 


Lcfi giai 1. Ta co (1 — x 2 )(l — y 2 ) = 1 — x 2 — y 2 + x 2 y 2 = z 2 + 2xyz + y 2 x 2 — (z + xy) 2 . 
Khi do 

P = z(z + xy) + y(y + xz) + x(x + yz) + : \ 2 t = x 2 + y 2 + z 2 + 3xyz + 


= 1 + xyz + - 


- 1 + xyz + - 


x 2 + y 2 + z 2 

1 


x 2 + y 2 + z 2 


Theo gia thiet ta co: x 2 + y 2 + z 2 = 1 — 2xyz > 3 y/x 2 y 2 z 2 , suy ra xyz < 1. 
Dat t = xyz =>• 0 < t < 1. Va 

p= 1 +j+ r=M =/(t) 

Khao sat ham so /(t) vdi 0 < t < 1 ta co max/(t) = 

Vay max P = 2 khi x — y — z — 

Ldi giai 2 

Dat x = cos A, y = cos B,z — cos (7 Khi do 

D = cos C sin A sin B + cos A sin B sin C + cos B sin A sin C + 

c , , , b 2 + c 2 -a 2 N a 

bit dung cos A =-—-va sm A = — Khi do 

2bc 2R 

D sin 2 A + sin 2 P + sin 2 (7 1 


cos 2 A + cos 2 B + cos 2 C 


cos 2 A + cos 2 B + cos 2 C 


t i 9 

Den day xet f(t) = - H-vdi 0 < t < - 

y JW 2 3-t 4 


BaiAoanj 

Bai 5. Cho a, b, c la cac so thitc khong am thoa man a + b + c— 1. Tim GTLN cua bieu 
thtic 

p= (y^-Vfe ) 4 + (yb-v ^) 4 + {V^-V ^) 4 


LcJi giai. Sii dung AM — GM ta co 

(y a -v / 6) 4 =[( v ^-v , 6) 2 ] 2 

— (a + b — 2 Vab) 2 = (a + b) 2 + 4 ab — 4 (a + b)Vab 
< (a + b) 2 + 4 ab — 8ab — a 2 + b 2 — 2 ab 


P < 2(a + b + c) 2 — 6(a& + be + ca) < 2(a + b + c) 2 = 2 
Vay, maxP = 2 khi co mot bien bang 1, hai bien con lai bang 0. 
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4 BAT DANG THLfC LUYEN THI 2014 


(BaHoanj 

Bai 6. Cho cac so thtfc dirong a,b,c. Tim GTNN cua bieu thtfc 


P = - 1 - 1 ---b ■ 

& T c c + a a + b \a + b 


Lcfi giai. Ta co 


a + b _ a 2 + b 2 > (a + b) 2 _ 2 (a + b) 2 

b + c c + a ab + ac bc + ab ~ 2 ab + ac + bc Aab + 2 c(a + b) 

> ^ - tt (vi 4 ab < (a + b) 2 ) 

~ (a + b) 2 + 2c(a + b) v “ v ’ ’ 

.(a + b) 2 


(a + b) 2 { . a + b 


Suy ra 


.(a + b) 2 


(a + b) 2 ^^a + b a + b (a + b) 2 


t ^ a + b 

Dat -= t ta co 


Khao sat ham so f(t).. 


2 1 2 11 ,,, 

p - ¥^2t + p + l- m 




[ Bai toanj 

Bai ' 7 . Cho cac so thtfc throng a,b,c. Tim gia tri nho nhat cua bieu thtfc: 


p _ a I b c 

b + c V c+ a a + b 


giai 

Ta co : 


(b + c) 2 


c + a ' a + b bc + ba ' ca + cb 2 be + a (b + c) (b + c) 2 , 2 a 

— 3 — +a(b + c) l + b + c 


f( - t) = t+ \IWT t t>0 




y/2 1 1 

-- , = — 0 =£- t — — — H— —j= 

(2 t + 1) y/(2t + 1) 2 ^4 


>MinP = f[- 1 - + + 
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(BaHoanj 

Bai 8. Cho cac so tlnfc dudng x, y, z. Tim GTNN cua bieu thtrc: 

„ x y 2 z 


x + y + z 


Lbli giai. Sif dung bat dang thtic Cauchy-Schwarz ta co 

p> (x + y) 2 | 2z 

~ 2 xy + xz + yz x + y + z 


P > 


Den day khao sat ham so theo bien t = 



(x + yf x + y 
2 z 2 z 

x + y 


z 


.O' 




Bai 9. Cho cac so thitc dcfOng a, b, c thoa man y/a — c + s/b — c — 


bieu thlie 


P = 


a + b 
b+c c+a 


c 

a + b 


c 2 

a 2 + b 2 


\ —. Tim GTNN cua 
V c 


Lcfi giai. Dat: a = cx,b = cy vdi x, y > 1. 

Tft gia thiet ta co: \Jx — J + y/y — 1 = yfxy <+ x + y = xy. 
Khi do: 


1 1 
- + 


x 2 + y 2 + x + y 1 1 


y +1 1 + x x + y x 2 + y 2 xy + x + y + 1 x + y x 2 + y‘ 

Lai dat: x + y = xy = t, (do x, y > 1 => t > 4). 

Khi do: 

p= /(*) = <2 _ ■ 1 ■ 1 


2t + l t t 2 - 2f 


Ta co 


m = 5 - 


2 2(2 (+ lf-^-k^i?-ii >(, ’ (VdU - 4) 


41 

Suy ra min / = /(4) = — khi t = 4 hay x — y = 2=^a = b — 2c. 
41 

Vay min P = — khi a = b = 2c. 

24 


BaKtoanJ 

Bai 10. Cho cac so thitc x, y, z thuoc doan [1; 3] . Tim gia tri nho nhat cua bieu thiic : 

T 25 (y + z) 2 

12x 2 + 2012 (xy + yz + zx) 
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4 BAT DANG THLfC LUYEN THI 2014 


LcJi giai. Ta co 

T > - 


25 (y + z) 2 


12x 2 + 2012 x(y + z) + 2012^^ 
Ngay tai diem nay co the dat t = - 


25 (y + z) 2 


12x 2 + 2012 x(y + z) + 503(4/ + z) 


25 


y + z 


Cuoi cung minT = khi x — 3; y — z — 1. 


(Bai^oanJ- 

Bai 11. Cho x,y,z la cac so thuc during thoa man x 2 
bieu thdc 

p x 2 + l | y 2 +1 | z 2 + l _ 

y z x x+y+z 


-- 3. Tim GTNN cua 


1 


Led giai. Ap dung AM-GM ta co 


x + y + z 


Ta co bo de sau: 


a b c > ^3(a 2 + b 2 + a 2 ) 

b c a ~ \fabc 


Cluing minh: 

Chuan hoa abc = 1, ta dua ve cluing minh 


hay 


l + - + -> ^/3{a 2 + b 2 + c 2 ) 
b c a 


(?#- + -) 2 >3 (a 2 + b 2 + c 2 ) (1) 

b c a 


Sil dung bat dang thilc AM - GM ta co 

a 2 a a 3 /a 4 9 b 2 b b c 2 c c 9 

77 +- +- > 3.a/—= 3 a 2 , — H-1— > 3b 2 , — + - + - > 3c 2 

b 2 c c V b 2 c 2 & a a a 2 b b 

Cong ve theo ve ba bat dang thhc tren ta suy ra dupe 


hay 


a 2 b 2 c 2 „,a b c. 9 , 9 9 . 

t+ + ~~2 4— 2 4-H r) > 3(a +b + c) 

b 2 c 2 a 2 cab 


d + - + -) 2 > 3(a 2 + 6 2 + c 2 ) 
oca 


Suy ra (1) luon dung. Dang thilc xay ra khi a = b = c. 
Th do ta co 


^Jxyz x + y + z 
x+y+z . 


- > tfxyz 
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x + y + z x -\-y-\- z 
3 


Ta co: 3 = ^/{l + 1 + 1 ) (x 2 + y 2 + z 2 ) > x + y + z > 0 Dat t = x + y + z(0<t<3 ) 

18 1 17 17 

Xet ham so /(£) = — -- = —; 0 < £ < 3. Ta co f(t) = — — < 0; Vi < 3 

17 

Suy ra /(£) nghich bien va /(3) = — 


Cach khac: 


17 , 


Dieu dau tien, ta can dit doan gia tri nho nhat cua bieu thdc P = — khi x — y — z = 1. Dieu 

4i i 

- va — 


2 y 2 + 1 

do quan trong, bdi vi ta quan tam den hai bieu thdc -, 

y z x x+y+z 

ma x + y + z < 3 nen-< —, nen ta can loai di gia tri-. Den day, ta 

x+y+z 3 x+y+z 

x 2 “l - 1 y 2 + 1 ^ “l - 1 7TI ✓ 

nghi den viec tim each chilng minh sao cho-1-1-> -. De thay gia 

y z x x+y+z 

tri m = 18 thoa man yeu cau. Ta chilng minh 


x 2 + l y 2 +1 z 2 + l 18 

- 1 - 1 ->- 

y z x x+y+z 


y z x x+y+z 

Day la bai toan kha hay cua Vas, ta hoan toan co the drfa ve mot bien de giai nhrf sau Ap dung 
bat dang thde Cauchy — Schwarz ta co 


x - + y - + z - > >_ 


y z x ' xy + yz + zx x + y + z 
Dat 0<t = :r + 2/ + ;2i<3ta drfdc 

2 1 3 > 9 1 2 -27 0 (2 1 + 3)(t - 3) 2 > 0 
Den day, bieu thile bai toan trd thanh 


x 2 + 1 + y 2 + 1 + z 2 + 1 


1 18 1 _ 17 > 17 

x + y + z ~~ x + y + z x + y + z x + y + z~ 3 


Dang thde xay ra khi x — y — z — 1. 


Cach khac: 

Ta co x 2 y + y 2 z + z 2 x < {x 2 + y 2 + z 2 ) 


i 


x+y+z 
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Tit do ta co 


(x * 1 2 + y 2 4 * + z*y | 9 _ 1 

— x 2 * y + y 2 z + z 2 x x + y + z x + y + z 

>3 + 8 >3 + ; 8 

x + y + z \Z^>{x 2 + y 2 + z 2 ) 3 


□ 


[BMtoanj 

Bai 12. Cho a, 6 , c la cac so thitc ditdng vaa + 6 + c = 3 . Tim GTLN cua bieu thtic 

p = 2 , 3 / abC 

3 + ab + be + co y (1 + a) (1 + 6) (1 + c) 


Led giai. Tit gia thiet ta co: 3 = a + b + c > 3\fabc => 1 > v^afec. 
Ta di dang cluing minh ditdc 


(1 + a)(l + 6)(1 + c) > (1 + yfabEf 

Cai nay co the khai trien trite tiep ra roi dung AM-GM hoac dung trite tiep BDT Holder 


=> P< 


2 \/a6c 

3 + 3^/ ( abc ) 2 1 + \fabc 


Dat t = abc ( t < 1) 

X«thtos6/(t)=3(5^5) + ^ 

r Bai toan j- 

Bai 13. Cho a, b, c > 0 thoa 

all 
1 + a 1 + 6 1 + c 

Tim GTNN cua bieu thiic 

p _ a + 26c 
3 a + 46c 


Lcfi giai. Ta co 

^ a 1 1 > a 2 

1 + a 1 + 6 1 + c 1 + a 1 + \fbc 

^ a 2 

“ 1 + a + 1 6c+ 4 

4 

17 

—^ be + 8a —^ P + —— 
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Cach khac 


be — 1 

a — -- 

6 + c + 2 


-+ be > 1 -+ (6 + c) 2 > 4 


(26 + 2c + 5)a6 — 1 (26 +2c+ 5)^ ^ -1 _ 2 (6 + c-4) 2 17 

a6(46 + 4c+ll)-3-(^ (4& + 4c+11) _ 3 - 35 ^ + c)2 + ^ + 3^_ 6 j + 35- 


;s 


Bai^oanJ 

Bai 14. Cho a, 6, c > 0 va a + 6 + c — 1. Tim GTNN cua bieu thile 

P = 3 (a 2 6 2 + 6 2 c 2 + c 2 a 2 ) + 3 (ab + be + ca ) + 2-\/a 2 + c 2 


Led giai. Ta co 

3 (a 2 6 2 + 6 2 c 2 + c 2 a 2 ) > (a6 + be + ca) 2 

a 2 + 6 2 + c 2 = (a + 6 + c) 2 — 2(a6 + be + ca) — 1 — 2(a6 + be + ca) 

Gia thiet suy ra: 0 < t — ab + be-\- ca < ^ g~*~ ^ = ^ 

Do do, ta co P > f(t) = 6 2 + 36 + 2\J\ — 26, V6 G [0; |]. 

Ta co: f'(t) = 26 + 3- >0, V6 G [0; |] nen /(6) > /(0) = 2. 

V1 — 26 

Vay min P = 2 khi mot bien bang 1 va hai bien bang 0. □ 


Bai 15. Cho x, y > 0 thoa man x + y < 1. Tim GTNN cua bieu thhc 


Lefi giai. Ta co 

Ta cung lining minh diidc rang: 

x y > > 4 

a; 2 + 1 y 2 + 1 ~ 4x + 3 4y + 3 ~ 5 

Cuoi ciing, ta co min P = 2y/b — - khi x = y = □ 
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(BaHoanj 

Bai 16. Cho cac so thuc dudng a , 6, c thoa man a < 6 + c. Tim GTNN cua bieu thrfc 
P =^6 + ( i, + c )(^ + ^ c 


Lcfi giai. De dang nhan thay bieu thrfc P nghich bien theo bien a nen ta co the rut gon so 
bien va dong thdi khnf drfdc dieu kien rang buoc. Cu the: 


ip + c) 2 
(b + c) 2 + 2 be 


1 1 \ _ _c 

b + 2c b + 2c J 2b 4 


> 1 + - 


(b + cf 


(b + c) 2 + 


(b + c) 2 


b 

2 c + b 


Vay min P = 


5 

3 


khi 2b = 2c = a > 0. 


□ 


Bai 17. Cho a, b, c la cac so thrfc khong am thoa man: 
cua bieu thitc 


ab + be + ca > 0 


p = a + b + b + c + 


(c + a) 


b + c c + a a(b + c) + c(b + a) 


Led giai. Ap dung Cauchy-Schwars ta co 


a+b | b+c >3 c+a 
b + c c + a a + b 


(c + a) 2 _ (c + a) 2 > (c + a) 2 _ 2 (c + a) 

a(b +c) + c(b +a) b(c + a) + 2ca ~ b(c + a) + |(c + a) 2 26 +c + a 

Th do ta co 

P > 3 2(c + a)_ _ c + a (a + c) (a - c) > g 

— 2b + c + a a + b (a + b) (2b + c + a) ~ 

Vay min P = 3 khi a = b — c. 


Cach khac. 

Bai toan cho la d diem a > c the la ta chi xac dinh drfpc rang a — c > 0. 

Dieu dau tien ta de quan sat rang, co the loai b + c bang bat dang thrfc AM-GM hai bien, nhu 
the, quan trong la ta can tim danh gia thich hdp, de cac bieu thitc dam bao dau bang a = b — c. 
Sri dung trrfc tiep bat dang thrfc AM-GM ta co 

VT> 2 l a + h , (c + a) 2 > 2 / a + b | (c + a) 2 _ 2 / a+ 6 | 2(a + c) 

— V c + a b(a + c) + 2ac ~ \c + a . (a + c) 2 V c+a 26 + a + c 

b(a + c)+ K J 
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Tut day, ta cho a = b — c thi duf doan dutdc ° - = 1; ( a c ) _ \ j a j c h 0 ta mot y tefdng 

C+ a 2b + a + c 

dung bat dang thite AM-GM tiep tuc, nhu vay ta co 
2 (a + c) 


2 b + a + c 


+ 1 > 2 


2(a + c) 
2b + a + c 


2 J 2 ( a + c ) + 2 > 4 / 2 (« + ^) > 4 / 2(a + 6) = 4 

V 25 + a + c \ c + a V 25 + a + c V 25 + a + a 


Ttf do suy ra 


2 ,A±I + A 0 + C) >4—1 — 3 


' c + a 25 + a + c ' 


Dang thdc xay ra khi a = b = c. 


Cach khac. 

Ta co danh gia cd ban sau 

(c + a) 2 _ (c+a) 2 > (c + a) 2 _ (c+a) 2 

a(6 + c) + c(b + a) ab + bc + 2ca ~ ab + bc + 2ca + (a 2 — ca) (a + c) (a + b ) 


Do do 


P > 


a + b 
b + c 


Vay min P = 3 khi a = b — c. 


b + c + c + a 
c+a a+b 


> 3 


□ 


Bai^oanJ 

Bai 18. Cho cac so thuc dildng a, b , c thoa man a < b + c. Tim GTNN cua bieu thde 
P =^6 + ( i, + c >(^ + + c 


Lbi giai. De dang nhan thay bieu thde P nghich bien theo bien a nen ta co the rut gon so 
bien va dong thdi khd dude dieu kien rang buoc. Ta co 


^ + (6+c) 
ip + c) 2 
(b + c) 2 + 2 be 


1 1 
b + 2c + b + 2c 

(b + c)‘ 


= 1 + 7 


> 1 + 


2 b + c 2c + b 
_ 5 

(b + c) 2 + ikhET _ 3 


Vay min P — — khi 2b = 2c = a > 0. 


□ 


f— (Bai - 

Bai 19. Cho ba so thrtc drfdng a, b, c nho hdn 1, thoa ab + bc + ca = 1. Chdng minh rang 

a b c > 3-s/3 

1 - a 2 + 1 - 6 2 + 1 - c 2 “ US 
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Ldi giai. Ap dung Cauchy-Schwarz, ta co 

a b c (a + b + c) 2 

1 — a 2 1 — b 2 1 — c 2 ~a + b + c—(a 3 + b 3 + c 3 ) 

Mat khac ta lai co 

a+b+c> \/3(ab + bc + ca) — V3 va a 3 + b 3 + c 3 > ^ ^ 

Ttf do ta co dieu can chifng minh. □ 

[Ba^oanJ 

Bai 20. Cho cac so thiic a, b, c E [1; 3]. Tim GTLN cua bieu thdc: 

„ a c b 

P = -r + z -1- 

a + b b + c c + a 


Led giai. Ta co 


P = 2 - b ( —+ -1—) + — 
\b + a b + cl a + c 


a — c+ ‘2b 


b(3a + 3c - 2b) 

(a + c) 2 + 2ab + 2 be " 


Do do maxP = 2 khi b = 3a — 3c — 3. 

Cach khac 


b(3a + 3c — 2b) b(a — c) 2 < ^ 

(a + c) 2 + 2 ab + 2 be (a + b)(b + c) (a + 2b + c) 


■ 


Bai tap luyen tap 

l.Cho cac so thitc khong am a, b, c thoa a + b + c = 1. Tim GTLN cua bieu thde: 

6 


a(b — a) + b(c — b) + c(a — c) 

A = 0,0 i TOO i O O , TO I" 7 


- — 2 (ab + bc + ca) 2 


a 2 b 2 + b 2 c 2 + c 2 a 2 + 2 3 - a 2 - b 2 - c 2 

2.Cho cac so thitc khong am a, b , c thoa a + b + c= 1. Tim GTLN cua bieu thde: 

_ a 2 (b - 1) + b 2 (c - 1) + c 2 (a - 1) 6 

a 2 b 2 + b 2 c 2 + c 2 a 2 + 2 + 3 - a 2 - b 2 - c 2 

Hud ng dan: don ve bien ab+bc+ca va khao sat xem thii. Chu y bai 2: a 2 b+b 2 c+c 2 a < ab+bc+ca. 

Bai toanl 

r 3 ~i ri 3 ~i 

Bai 21. Cho a, b e 1; - ; c G —; — . Tim gia tri nho nhat cua: 

’ L 2 J L 2 4 J 


a ( 3 + 


r I + b ( 3 H-o=-— ] + 2-\/c(3-\/c + V‘2) + 5 

2Vh-VbJ V 2 Vb-y/h) 

2\fab + \[2c + 1 


3(a + b + 2c) + 


2 a 


2b 


2 sfa — \fb 2 y/b — y/a 


+ 2\[2c + 5 


2 y/ab + \/2c -T 1 
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4 bAt DANG THLfC LUYEN THI 2014 


a.b e 1 


2 a nr 2b r . 

> v6; — -j= -> \fa. 


’ 2j 2 yfa — yfb 2y/b—y/a 

Dang thfie xay ra khi a=b. Hdn ntfa: 

3(a + b + 2c) > (a/® “I” “I” 2y / c) 2 . 

Dau bang xay ra khi a=b=2c. 

2v / a& < y/a + Vb. 

Dau bang xay ra khi a=b. 


>N> t2 + 2t + 5 =f(t). 


t + 1 


3y/6 


; t = -v/o + Vb + V2 c. 

ip >o;te ( 3; ¥ 

=> /(<) > /(3) = 5. 


Bai^oanJ 


Bai 22. Cho a, b, c > 0 thoa man: A- + - 


P = (a + b + c) 


1 1 

~ + 7 
a b 


Lbi giai. Gia thiet trfdng drfdng vdi 



Dat x = y — 7. Khi do x 2 + y 2 = 1, suy ra 0 < x + y < y/2 va bieu thrfc 
a b 

P=(* + !, + l)(i + i + l) >(* + !/ + !) (^ + l)=(i+l) (j + l)=/W 

Khao sat /(£) tren (0; y/2] ta drfdc min f(t) = 5 + 3y/2 tai t = y/2 hay x — y — ^=, suy ra 
a = b = y/2c. ' 


-( Bai j toanJ 

Bai 23. Chd a, b, c ditdng thoa man: a 3 + b 3 = 64c 3 . Tim GTLN cua bieu thtfc 

P= _d_ + n6 

(a + c)(c + b) c (a + b) 


Led giai. Dat a — cx,b = cy. Ta cc: x 3 +y 3 — 64 =>■ 2 xy^/xy < x 3 +y 3 = 64 => 0 < ^ [xy < 2yfi 


Khi do 


1 xy 1 xy 

(x + 1) (y + 1) x + y xy + x + y + 1 x + y 

< 1 X V 1 | Vw 

~ xy + 2y/mj+\ 2^/Yy (^/xy + 1) 2 2 
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4 BAT DANG THtfC LUYEN THI 2014 


/(i) = (M L Tj 5 + ^’ (t = ' / ^ ) 

Khao sat ham so f(t) tren mien t E (0; 2-^i], suy ra max / = \/4 + 


(2^4 + 1) 


Vay max P = y/4 + 


(2^4 + 1)' 


khi a = b = 2c\[4. 


Bai 24. Cho x, y, z la cac so thifc duong thoa man x < z. Tim gia tri nho nhat cua bieu 
thrfc sau: 


2x 2 


2z(2y + z) 3z 


(x + y) 2 (y + z 


giai thiet da cho khong con each nao khac la quy ve bien t = — > 1 



4 3 t 4 3t _ 5 t-1 

(l + Vt) 2 t + l~2(l+t) t+1 2 2(t +1) 


Bai^oanJ 

Bai257 Cho cac so drfdng a,b, c khong dong thdi bang nhau thoa man a + b + c = 3. 
Tim GTNN cua bieu thde 

4a 2 - 27 4b 2 - 27 4c 2 - 27 

“ b 2 + c 2 + c 2 + o 2 + a 2 + b 2 


Led giai. 


9(4a 2 + 4b 2 + 4c 2 - 27) _ 9(4t - 27) 
2(a 2 + b 2 + c 2 ) 


P+12 - (4a 2 + 46 2 + 4c 2 - 27) (^4-^ + + ^/_) > 

1 9f4t — 271 

Th gia thiet suy ra t = a 2 + b 2 + c 2 > -(a + b + c) 2 = 3 Khao sat ham f(t) = -—-12 

69 

tren [3, +oo) ta drfdc minp = —— tait = 3=^a = 6 = c= l □ 
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4 bAt DANG THLfC LUYEN THI 2014 


Bai^oanJ 

Bai 26. Cho a,b,c la cac so time duong thoa man a + b + abc = 3c. Tim GTLN bieu 
thtic 

_ a b 1 

= a 2 + 3 + b 2 + 3 + 9c 2 + 3 


Led giai. Chu y: ( a 2 + 3)(& 2 + 3} = 3(a + b) 2 + (3 — ab ) 2 = 3(a — 6) 2 + (3 + a&) 2 > (3 + ab ) 2 . 
Gia thiet suy rac= --0 < ab < 3. Khi do 


3(a + b){ab + 3) + (3 — ab) 2 
= 3(a 2 + 3)(b 2 + 3) 

3.4(a + b)(ab + 3) + 4(3 — ab) 2 
12(a 2 + 3)(6 2 + 3) 

^ 12(a + b) 2 + 3 (ab + 3) 2 + 4(3 — ab) 2 
- 12(a 2 + 3)(6 2 + 3) 

_ 4(a 2 + 3)(6 2 + 3) + 3(a6 + 3) 2 
“ 12(a 2 + 3)(6 2 + 3) 

4(a 2 + 3 )(b 2 + 3) + 3 (ab + 3) 2 + 9(a — b) 2 
~ 12(a 2 + 3)(6 2 + 3) 

7 

““ 12 


□ 


BamtoanJ 

Bai 27. Cho a,b, c duong. Tim GTNN cua bieu thtic: 


(+ s' 


b ' 
a + b 


LcJi giai. Chon b = 1 khi do bat dang thdc viet lai 


(a + l ) 2 


! +:2a 2 + = 6 + ( °- 1)2(a ( + 4 °; + 5a + > 6 

i (a + l) 2 a(a+l) 2 


□ 


BaimoanJ 


Bai 28. Cho x, y la cac so time thoa ( x 2 + y 2 + l) 2 + 3 x 2 y 2 + 1 = 4x 2 + 5 y 2 . Tim GTNN, 
GTLN cua 

x 2 + 2y 2 - 3 x 2 y 2 


P= - 


x 2 + y 2 + 1 


Led giai. Ta co 

(x 2 + y 2 + l) 2 + 1 < (x 2 + y 2 + l) 2 + 3 x 2 y 2 + 1 = 4x 2 + 5 y 2 < 5x 2 + 5 y 2 
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4 BAT DANG THtfC LUYEN THI 2014 


Hay 

(x 2 + y 2 ) 2 - 3 (x 2 + y 2 ) + 2 < 0 1 < x 2 + y 2 < 2 

Ta co: x 2 + 2y 2 — 3 x 2 y 2 = (x 2 + y 2 + l) 2 — 3 (x 2 + y 2 ) + 1. Suy ra 
> 2 + ^ + l) 2 -3(x 2 + y 2 ) + l 

X 2 + 7/ 2 + 1 

Dat t = x 2 + y 2 + 1,(2 <t <3). Khi do 

P = f(t) = t+*~ 3, (2 < £ < 3) 

Khao sat ham so /(£) ta ditOc 

min P = 1 khi x — 0, y = ±1 va max P = ^ khi x = 0, y = +y/2 




(BaHoanj 

Bai 29. Cho cac so there dirong x, y, z thoa man x 2 + 8 y 2 + 9 z 2 < 4xyz , tim gia tri nho 
nhat cua bieu thtic 

_ 4x + 2 y 2 + z 3 

y / 6(36y-^Llv / ^y-^lx 


Ldi giai. Dat :x = 6 a,y = 3b, z = 2c vdi a, b, c > 0 
Ta co : a 2 + 2 b 2 + c 2 < 4abc 
Can tim GTNN : 

p _ 24a + 186 2 + 8c 3 
y /6486 — 66 (a + 2 y/c) 


Th gt 


=>• 2 ab + 2be < a 2 + 2b 2 + c 2 < Aabc 


=>• a + c < 2ac =>• 2-v/ac < a + c < 2ac =4* ac > 1 


=k a + 2yl = a + y/c + y/c > 3^/ac > 3, (1) 


Lai co : 


Suy ra : 


f b 2 + 1 > 2b 

|c 3 + 5 > 6 y/c 


(Cauchy) =>• 


186 2 > 366 - 18 
8c 3 > 48 y/c - 40 


p > 24 (q + 2y/c) + 366 — 58 > 24.3 + 366 - 58 ^ n ^ 
“ y/6486 - 66 (a + 2y/c) ~ V6486 - 66.3 ’ 

_ p ^ (366 - 11) + 25 ^ 10\/366 - 11 _ 5^2 
“ 3^.^366^11 - 3\^.V / 366^lf ~1T 
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4 bAt DANG THtJC LUYEN THI 2014 


. Va : P = ftp &a=b=c= 1. 

r /q 

Vay : = —^—.Khi : x — 6; y = 3; 2 ; = 2. 


Bai tap luyen tap 


□ 


l.Cho x, y , z la cac so thrfc duong thoa man xy + yz + zx — 3. Tim gia tri nho nhat cua bieu 
thrfc 


p = io\ x ~y\ + iolw-*l + 10 2 


- a ~4 


x 2 y 2 + y 2 z 2 + z 2 x 2 


+ ^x 2 + y 2 + z 2 ) 2 


2.Cho x, y , 2 la cac so thrfc thoa man x + y + z — 0. Tim gia tri nho nhat cua bieu thrfc 
P = 3\*-v\ + + 3 12 -* 1 - y/te 2 + 6 y 2 + 6z 2 


De thi dai hoc khoi A 2012 

3.Cho x, y, z la cac so thrfc thoa man x + y + z = 0. Tim gia tri nho nhat cua bieu thrfc 
P = \2x — y\ + |2 y — z | + \2z — x\ — In ^y/l4 (x 2 + y 2 + z 2 ) + 1^ 

4. Cho ba so thrfc x,y,z thoa man x + y + z — O.Tim gia tri ldn nhat cua bieu thrfc 
P = In ^-\/l4 (x 2 + y 2 + z 2 ) + 1^ — (x 6 + y 6 + z 6 ) — \2x — y\ — |2 y — z\ — \2z — x\ — 6 cos xyz 

Bai^oanJ 

Bai 30. Cho a , b, c la cac so thrfc drfdng thoa man a 2 + b 2 + c 2 — 3. Chrfng minh rang: I 

a 2 b 2 + 7 b 2 c 2 + 7 cV + 7 ^ 

(a + b) 2 + (b + c) 2 + (c + a) 2 ~ 


LcJi giai. Ta co: 


VT > - 


(ab + bc + co ) 2 


7 + 7-7 


9 


Suy ra 


(a + b) 2 + (b + c) 2 + (c + a) 2 ' (a + b) 2 + (b + c) 2 + (c + a) 2 

(1 ab + be + ca ) 2 + 63 
2 (ab + be + ca + 

Dang thrfc xay ra khi a = b — c = 1. 


VT > v © ' ", ' > 6 . (do ab +bc +ca < a 2 + b 2 + c 2 — 3) 

~ 2(afc + 6c + ca + 3) _ v - ’ 


BaDtoanJ 

Bai 31. Cho x , y, z la ba so thrfc duong thay doi. Tim GTLN cua bieu thrfc 
x y z 

y/3 x 2 +yz y/3y 2 + zx y/3 z2 + x V 
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4 BAT DANG THLfC LUYEN THI 2014 


LcJi giai. Ta co 


Vvz , y/zx y/xy 

Dat a = -—, b = -, c = --suy ra a,b,c> 0, abc = 1. 

x y z 

Ta can tim GTLN cua 

P= 1 1 1 


y/W+3 y/c* + 3 
Khong mat tmh tong quat,ta gia sib c > 1 =k ab < 1, ^ab = . 

Ta co 

111 111 ^- c + 3 

V^+3-4 a 2 + 3’ y/W+3~ 4 b 2 + 3’ V + “ 2 

a 2 + b 2 + 6 2 


Suy ra 


1 1 1 2 < 1 

“2 + a 2 + 3 + 6 2 + 3 + ^+3 “ 2 '' a 2 b 2 + 3a 2 + 3£> 2 + 9 ' c+3 
9 - a 2 b 2 1 2 


^ 1 1 [ 

- 2 + 3 f + a 2 b 2 + 3 (a 2 + b 2 ) + 9j T c + 3 


^ 1 If 9 - a 2 b 2 
~ 2 + 3 V + a 2 b 2 + Gab + 9 J ~ r c + 3 


4- 2 

2c 


1 2 2 _ 1 
“ 2 + a& + 3 + c + 3 “ 2 + 3c + 1 + c + 3 
< 3__(c-lL < 3 
-2 (3c+1) (c + 3) - 2 


Bai^oanJ 


Bai 32. Cho cac so thtfc dildng a, b , c. Tim GTLN cua bieu thdc 
„ a b c 

P = T-.- + - T 

o+cc+a a+o 


Lcfi giai. Ta co 


(6 + c)(a + c) a + b ( y/ab + c ) 2 2-\/a£) 


Khao sat ham so f(t) — 




Vab 


1 yfi - 1 c 

Ta drfOc maxP = —= -\ --— khi a = b = -—= -. 

^16 2 ^ 4-1 


Bai^oanJ 

Bai 33. Cho a,b,c> 0 thoa man(a + c) K + il = c > 4 b. Tim GTLN, GTNN 

\a 2 b 2 J b 


cua bieu thtic 


a + c — b 
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4 bAt DANG THIjC LUYEN THI 2014 


Led giai. Viet lai gia thiet nhrt sau 
c 10 


-->4^i>;> vg ~ 5 
a b 8 


Den day di dang suy ra: 


\/4T + 27 


c — 4b 

Dau dang thde khi ^ — 5 

Con ve max. 

Neu ta dat: k = -. Ro rang tif each tinh d tren da chi ra phudng trinh xac dinh t — 
b ' b 

10 

t 2 + 1 t 


%/4l-5 


luon cho nghiem t 6 


Dieu do co nghla la: k = - co the ldn tuy y ma trong khi i = - nho co gidi han. 


Tom lai la khong the ton tai max. 


(— Bai toMb k -C'~. 
Bai 34. Cho x,y,z la cac so thrfc drfdng thoa man xy + yz + zx — 1. Tim gia tri nho 
nhat cua bieu thde 

P = I0x 2 + 10 y 2 + z 2 


Ldi giai. Chung ta luon co : 


2(5x-y-z) 2 + 3(4y-z) 2 > 0 
•H- 10x 2 + 10y 2 + z 2 > 4 (xy + yz + zx) 


Vay minP := 4 


□ 


-( Bai j toanJ 

Bai 35. Cho a,b,c> 0 thoa man a 2 + b 2 + c 2 — -(ab + bc+ ca ). Tim GTNN cua bieu 
tlihc 

p _ a ~ 2c 
Vi8& + ic+ ca 
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4 BAT DANG THtfC LUYEN THI 2014 


Led giai. Ta viet lai gia thiet nhal sau: 

7 

(a + b + c) 2 — -.(ab + bc + ca) 

Tif do neu ta co the thiet lap dtfdc moi quan he gifra a + b + c va a — 2c thi bai toan xong. 
Du doan c = 2b = 4a. Vay ta se chtmg minh: 

( a + b + c ) 2 > (a — 2c ) 2 (2 a + b — c)(b + 3c) >0 

7 

Neu c < 2a + b thi ta co: P 2 < 

Neu c>2a + b hay: c — a > a + b thi ta viet lai gia thiet nhu sau: 

3 

-(ab + bc + ca) = a 2 + b 2 + c 2 — 2ac+(a — c) 2 + b 2 > 2ac+ (a + b) 2 + b 2 > 2(ab + bc + ca) (Vo If) 

h 

Vay min P = —J - khi c— 2b = 4a. 

Cach khac 

Chuan hoa ab + be + ca = 14 ^ a 2 + b 2 + c 2 = 21 ^ a + b + c — 7 
-# \fl4P :=a — 2c 


Xet he phuong trinh : 


a + c = 7 — b 
b(a + c) + ca — 14 


X 2 = 


7-b- V-3 b 2 + 14b - 7 

_ . / ——=-- Vi can tim 

7 - b + V—3 b 2 + 146-7 


gia tri nho nhat nen ta chon c> a = X\. Do do ta co 

b- 7- 3y/-3(b-2) 2 + 2b + 5 
2 

9 + 26 + 5 

— = -7 


► V14P := a -2c=- 


b — 7 — 3V26 + 5 
: 2 


6-7- - 


Vl4 . 


> minP :=- — Dang thde xay ra khi(a, b, c) — (k, 2k, 4k) vdi k > 0 


- [Bai toan j 


Bai 36. Cho a, b, c la chigu dai ba canh cua mot tarn giac. Tim GTNN cua bieu thde 


P — a +2 b -\— 


+ b- c 


Lbi giai. Ta co 


P>2a + 2b-l + 


(a + b — c)c (a + b — c)4c 


+ 2 a + 2b — 1 + 


(a + 6) 2 


Dat t=a+b Xet ham 
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4 bAt DANG THIjC LUYEN THI 2014 


f{t) = 0^1 = 2 
f(t) > 5 


Dau "=" xay ra a=b=c=l. 


pyAM-GM 2 ( a + b)-l + 


Do: 2Vc.(c+l) < A 


>am-gm 2 ( a + b)-l + 

m (Vc+ 1 ) 4 


2. \a + b-c+-. 


a + b — c\fc.(c + 1) 
_32_ 

(a + b- c)( v / c+ l) 4 


(a + b- c)(y/c+ l) 4 

.AM-GM 


+ 2c — 1 


> A 


(V~c+ l) 2 

16 


+ 2c — 1 


U^+l ) 2 


+ 4(Vc+ 1) — 7 


Dau dang thile -<=>- a = b — c = 1 tile la A deu co canh la ddn vi. 


— Bai^oanJ - 

Bai 37. Cho x, y, z > 0 thoa man , — + A— + . — = 1. Tim GTNN cua bieu thile 

V yz V zx V x v 

P = (x- 2) (y - 2) (*-2) 


Lcfi giai. Tit gia thiet suy ra: (x + y + z) 2 = xyz < ( X ^ * ) =>x + y + z> 27. 


Suy ra 


P = xyz — 2 (xy + yz + zx) + 4(x + y + z) — 8 


P > (x + y + z) - -(x + y + z) + 4(x + y + z) - & 


(x + y + z) 


+ 4 (x + y + z) -8 


27 2 

> -+4.27-8 

Vay min P = 343 khi x = y — z = 9. 


- [Bai ^toanj 


Bai 38. Cho a, b, c > 0 vdi a > b,a > c. Tim GTLN bieu thile 
„ a be 

P = -1-1- 

5 (a + b + c) 5a —2c 5a —2b 
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4 BAT DANG THLfC LUYEN THI 2014 


Led giai. Dat: < Khi do, BDT dude viet lai nhd sau: 

\y = -< i 

l a 

1 x y 

~ 5.(x + y+l) + 5 -2y + 5 - 2x 


5(x + y + l) 
2 


+( 2x + 2v - 5 ) -{ jhr y + ihx) 

2{2x + 2JE - 5) 


(Do 2x+2y-5 <0 ) 


(Vdi t — x + y < 2 ) Xet: 


5(x + y + 1) 5 — x — y 

2 10 

=- 1 -4 

5(1 + x + y) 5 —x — y 




5(t + l) 2 -(5 — t ) 2 

Vay f(t) dong bien. Suy ra: P < /(t) < /(2) = ^ Dau = -<=>■ b = c — a 


r (Bai toanl- 

" j J 112 

Bai 39. Cho x,y,z > 0 thoa man —f- - = Tim GTNN cua bieu thdc 
x z y 

p _ % + y z + y 

2 x-y 2z-y 




l+o 1+6 
:—+ —Thay 


6 = 2 — a ta drfdc: P = ^( a ^ 2a+ 3) _ ^ = 4tai a = l=>x = y = 

m , 112 ° a 
l ir dieu kien —h - = - 


Suy ra y = + . Thay vao, ta drfdc 


p = i + ?(E + £)>4 
2 x) 


Bai. ^toanj 


Bai 40. Cho a, 6 , c la 3 so thuc dudng thoa man : \ = -4. Tim GTNN bieu thdc : 

a 2 b 2 c 2 


„ ( , 25c\ /I 1 1\ 

P = ^ a+6+ _j^_ + _ + _j 
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Lcfi giai. Ttf gia thiet ta co 


&x 2 + y 2 = 1, (x, y ) 0 


>P=(x + y + l)^i + i + ^ 

\x y 2 


Til gia thiet suy ra xy = 


(x + y) 2 ~ 1 


-P = (x + y + 1) 


2(x + y) _ + 25, ((+1) 


{x + y) 2 - 1 2 




Khao sat /(£) ta drfdc min P = 37 tai x + y = - =>• 3a = 46 = 5c hofic 4a = 36 = 5c 

5 


□ 


Bai 41. Cho hai so thrfc drfdng a, b thoa man 6(a 2 + b 2 ) + 20ai> = 5(a + b)(ab + 3). Tim 
gia tri nho nhat cua bieu thrfc: 


P = 9 



h2S 0 + £) 


Lcfi giai. Tut giai thiet, chia ca 2 ve cho ab ta co: 
6 


a b\ , a + 5 /75(a + &) 2 . 

l + -\ + 20 = (a + b) + 15—>2 ] j - (*). 


Dat t = ^ + - thl (*): 
b a 


6t + 20 > 10-s/3(t + 2). 
b 3 


^ + ^ = t 2 -2;^ + ^=t 3 -3t;^4'^ = (t 2 -2) 2 -2. 
£r a 2 b 6 a 6 o 4 a 4 

=► P = 9t 4 - 16t 3 - lit 2 + 48t - 32. 

Xet ham so /(t) = 9t 4 — 16t 3 — lit 2 + 48t — 32, t > ^ 


f(t) = 36t 3 — 48t 2 — 22t + 48 > 0| |t > 


>p=m>f(f) = 


14156 

27 


Vay GTNN cua P la ——— Dau bang xay ra khi a=l; b=3 hoac a=3, b=l. 


Bai^oanJ 

Bai427 Cho cac so thrfc x, y thay doi trong [1;2]. Tim tat ca cac gia tri cua so thrfc z 
? ? ix + yz)(x — y ) ~\~ xyz 

de bieu thrfc N =-----co gia tri ldn nhat la H thoa man H >2 

x 2 — xy + y 2 
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4 BAT DANG THLfC LUYEN THI 2014 


Led giai. Dat : t = - => t G 2 

y L 2 J 

Ta co : P = f(t) = t2 + ^ z ~ 1 ) t ~ z f- <t <2 
J w t 2 -t +1 ’\ 2 ~ ~ 

•THI : Gia sijf P max = f(t 0 ) . 

Do= g >2^ t ° + |:;;^-- >2^,> 9M= g^,(i< f0 < 2 

V7 V7 

Khao sat ham so g(t 0 ) =>- g(t 0 ) > — =>• -2 > ^ 

V7 


_ —2zt 2 + 2(z + l)t + z-l _ n _ , _ ^ + 1 + V'SFTT /I „ 

1 {) {p-t + iy 2 z V 2 ’ 

c D 2z 2 + 1 + V'3F+T 

Sayra:P - = i + varfi»i 

Va P ma;c > 2 <£>... <£> z 2 (4z 2 - 7) > 0 ,(dung) 

Vg.y : z > A 


Bai^oanJ 


Bai 43. Cho a,b,c ditdng thoa man: Min(a,b,c) > -Max (a, b, c).Tim GTLN,GTNN 

, a — b b — c c— a 

cua bieu tmfc: P =-b-4- - — 

cab 


Lcfi giai. Tritdc tien ta hay viet lai P da: 


-P = Q= l 


U= b - 

I 8 

Khi do ta co the dat: < y = - Thi abc=l. Vay ta can tim min, max cua: Q= (l-x)(l-y)(l-z) 

M, 

Tut gia thiet ta co the suy ra chi co 2TH. 1 TH cho min. 1TH cho max. Nhung tritdc tien ta 
chu y den danh gia: 

{y + xf . 2 


1 = xyz < z.- 


4 - v+x -7i 


- (i - z)(i + yx - y - x) < (l - z) Q - T + 


= - z -z + 2^z-T = f(z) 


©Ngo Hoang Toan 


Trang 108 


















4 bAt DANG THtJC LUYEN THI 2014 


Khao sat f(z) thi drfdc: 


Ttf do suy ra: 




q < m < / (j 

• TH2: z > 4 > 1 > x,y. Khi do: 

Q= (l-z)(l+yx-y-x) >(l-z)(^-^= + lj = f(z) 
Theo ket qua TH 1 thi: f(z) nghich bien 

q > f{z) > m 


□ 


- Bai j toanJ 

Bai 44. Cho a, b, c la 3 so thrfc khong am thoa man : ab + bc + ca = 1 . Tim GTNN bieu 
thdc : 

P = a + b + c + abc 


LcJi giai. De thay a + b > 0. Ta co c = -—thay vao bieu thiic co drfdc: 

a + b 


22 1 ( Q + 6 ) 4 
p = -—+ a + b >AM-GM -—— 


a + b 


a + b 


+ a + b — f(a + b) 


Dat a + b = t> 0. Khao sat f(t) — —— \ ^ vdi t > 0. + Vdi t > 2 thi P > 2. 

, ^w*W3-3tf-t 4 + 16t 2 -t 3 + 16t + t(4y/3 - 3t) 2 10 

+ Xet 0 < f < 2 thi /(f) > —-4 S 

Ket luan, min P = —— +=+■ a = b — c = —=. 

3y 3 V 3 


-( Bai toanj - 

Bai 45. Cho a,b, c la cac so thitc khong dong thdi bang 0 thoa man (a.-§■ b + c ) 2 = 
2(a 2 + b 2 + c 2 ). Tim gia tri ldn nhat, va gia tri nho nhat cua bieu tlni'c 

p a 3 + b 3 + c 3 

(i ab + be + ca)(a + b + c) 


Led giai. Ta de y rang a 3 + b 3 + c 3 = (a + b + c)(a 2 + b 2 + c 2 — ab — be — ca ) + 3 abc 
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Tut do ta viet lai bieu thufc 


P = 1 + 


3 abc 

(a + 6 + c) (ab + bc + ca ) 


3 c(x-c) 2 
[x-cf 


VSi x — a + b. Ta co, neu c = 0 —>• P = 1. Neu c ^ 0 ttf gia thiet ta co (x — c) 2 

/ ■» \ O O 1 

(a + b) 2 = x 2 44 — —t> - 


Tit do ta co 


f(t) — 1 # 


3(t-l) 2 
(t+ l) 3 


11 

< — 
“ 9 


= 4 ab < 


$$ 


Bai^oanJ 

Bai 46. Cho 3 so thufc khong am a, b, c thoa man : a + b + c = 5. Tim GTLN bieu thufc : 

P- 1 1 1 

y/a +4 4 y/c + 4 


Lcfi giai. De y rang : 


/ 1 1 \ 2 _ 1 1 2 
V\/a + 4 + y/b + 4/ a+4 + 6+4 + ^( a + 4) (6 + 4) 

o+6+8 1 

ab + 4a + 46 + 16 + + 6 + 4 

< a+6+8 ^ i _ i ^ i ^ i _ f i ^ i y 
— 4a+ 46+ 16 y/a + 6 + 4 4 a + 6 + 4 Va + 6 + 4 \2 Va + 6 + 4/ 


1 1 < 1 

\/a + 4 V6 + 4 — 2 


1 

Va + 6 + 4 


Ma ta co 3 > y/a + 6 + 4 > 2 va c = 5 — a — 6 < 5 ta dufdc 


P< 


1 1 
2 + 2 + 


1 

3 


4 

3 


Dang tilde xay ra khi o = 6 = 0; c = 5 va cac hoan vi. 

Cach khac 

De thay rang bang true can thufc ( hoac khao sat ) ta luon co Va, 6, c E [0; 5] ta co : 


Vay min P := - 


1 ^ a 1 

y/a~+4 ~ _ 30 + 2 
1 < 6 1 

^6 + 4 “ 30 + 2 

1 c 1 

VcTl - + 2 


□ 
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BaiMoanJ 


Bai 47. Cho a, 6 , c la cac so thuc ditdng thoa man abc = a + b + c. Tim gia tri ldn nhat 
cua bieu thhc 


Lcfi giai. Gia sd c = min {a, 6 , c}. Ta co : 1 = —- + — + — < 0 < c < \/3 va 

1 J ab be ca c z 


a + b 
ab — 1 

(a + b) ( ab+ 1 ) 


i + b 


(a * 2 + 1 ) ( b 2 + 1 ) c 2 + 1 - ^/(a 2 + 1 ) ( 6 2 + 1 ) c 2 + 1 TT c 2 + 1 

/ 1 1 \ c c 2 c 

^ p ^ c (?7T + ij + - 4 + 

3x/3 (c- \/3 ) 3 3\/S 

- 4 4 ( C 2 + 1 ) - 4 ' 

Vg.y : Pmaa — Khi : a — b — c— \/3. 

Cach khac 

Chuyen an (a, b, c) —>• . Gia thiet trd thanh xy + yz + zx = 1. Luc do 

\x y zj 


1 + x 2 1 + y 2 1 + z 2 (x + y)(x + z) ( y + x)(y + z) (z + x){z + y) (x + y) {y + z) ( 
Mat khac, ta lai co bat dang thde phu cd ban: 

(■x + y)(y + z)(z + x ) > ^(x + y + z)(xy+ yz +zx) > ^3(xy + yz + zx)(xy + yz + zx) = 

9 9 

Do do P < —p=. Vay MaxP = —-= <*=>• a = b — c— y/3. 

~ 4^3 4^3 


Bai. ^toanj 

Bai 48. Cho 3 so thuc a, 6 , c e ^0; ^ j thoa man a + b + c — 3. Tim max 
P = (2a- l ) 3 + (26 - l ) 3 + (2c - l ) 3 - 8 abc 


Led giai. Chu y x <y -<=>■ a; 3 < y 3 . Tan dung dieu kien gia thiet (26 — 3) (2c — 3) > 0 -<=>■ 
8abc > 12a(6 + c) — 18a. Khi do 

P = (2a - l ) 3 + (26 - 3 + 2) 3 + (2c - 3 + 2) 3 - 8abc < (2a - l ) 3 + 2 3 + 2 3 - 12a(3 - a) + 18a 
= 15 - 4a(3 - 2a 2 ) < 15(*) 

Ma (*) luon dung khi 0 < a < 1 tdc la ta co the gia sd a = min(a, 6 , c)=^3 = a + 6 + c> 
3a 0 < a < 1. 

3 

Vay MaxP — 15 -<=>- a = 0,6 = c= - hoac tai cac hoan vi cua ba so (a, 6 , c). □ 


z + x) 
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Bai^oanJ 


Bai 49. Cho a, b, c la cac so thitc thoa man dieu kien abc ^ 0;a + b + c = 0. Chilng minh 
rang 

111 97 

- 77 + 17+ 3 ^ 


a 2 b 2 c 2 4|a6 + 6 c + ca| 


Led giai. Ta co 

4| ab + be + ca\ = 2| — a 2 — b 2 — c 2 \ = 2 (a 2 + b 2 + c 2 ) 
Bat dang thde da cho trd thanh 

1 1 1 \ 27 


<«’+*+*>( 2 

(6 + c ) 2 _ a 2 


6 2 + c 2 ^ 


- -> 8 

6 2 c 2 ^ (6 + c ) 2 


2 2 
^ ( 6 2 + c 2 )(b + c ) 2 ^ 8 & 2 c 2 (dung' 


Vay 


3a 2 9_ 27 
2 'a 2 2 

Dang tilde xay ra khi a : b : c — — 2 : 1 : 1 va cac hoan vi. 


BaKtoanJ 


Bai 50. Cho 3 so thrfc x,y,z E [—1; 1] thoa man : x + y + z = -. Tim GTLN bieu thde : 


P = x 3 + y 3 + z 3 


Lefi giai. Gia s ri z < y < x. Gia thiet suy ra — - < -2 < 0 < y < x < 1. Do do 


P<x + y + z 3 — - — z-\ 


44 - l (2* + 1) [(1 - 2*)(l + 2 z) + 2(1 + 2)] < 4 


Cach khac 

Tac 6:x = ^-x-y>^ 

Trfdng trf ta drfdc y > —^, z > —^ 

111 f 31 

Dat a = x + -,b = y + -,c = z + - =>■ a + b + c = 3 va a,b,c G 0; - 

Khi do: P = a 3 + b 3 + c 3 — ^(a 2 + b 2 + c 2 ) + ^(a + b + c) — = a 2 ^ + b 2 ^6 — ^ + 

2 ( 3 \ 15 15 

V 2 ) 8 - 8 

Vay P maa; = y khi a; = y = 1, z = —^ □ 
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Bai^oanJ 

Bai 51. Cho ba so dudng x, y, z thoa man: x + y < z. Chdng minh: 



Led giai. Si'i dung bat dang tilde Cauchy-Schwarz va AM-GM ta co 


(x 4 + y 4 + z 4 ) 




32 11 

.(x + y ) 4 + 2 4 J 


r (x + y y 

[ 8z* 


8 (x + y) 4 


255^ 297 
8(x + y) 4 ~ 8 


□ 


BamtoanJ 

Bai 52. Cho a, b, c > 0 va a + b + c — 3; a 2 + b 2 + c 2 = 4. Tim gia tri ldn nhat, gia tri 

nho nhat cua P — — 
b 


Lefi giai. Theo B.C.S ta co 


(a 2 + b 2 + c 2 )(^-^ + l) >(a + b + c) 2 


Suy ra 


„ 2 1 1 
Su ^ ra ^ 4 vdi t = 


(a + b) 2 9 2 ab 1 

V J I 1 > ; v, _ > _ 

a 2 + b 2 ~ 4 a 2 + b 2 ~ 4 


-t 2 + 8t — 1 > 0 tif day ta co 


4-^15 <y <4+Vl5 

b 


Cach khac 

a c 

Dat - — x, - = y. Ta co: 

a 2 + b 2 + c 2 _ x 2 + y 2 + 1 _ 4 
(i a + b + c) 2 (z + y + l) 2 9 

Suy ra: 

5 y 2 — 8 y(x + 1) + 5a; 2 — 8x + 5 = 0 

A ' y = -Ox 2 + 72x - 9 > 0 

=>• 4 — \/l5 < x — y < 4 + \/l5 
b 

it 
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Bai 53. Cho a, b , c la cac so time khong am thoa man a + b + c — y/E. Tim gia tri lc3n 
nhat cua bieu thiic 


P = (a 2 — b 2 )(b 2 — c 2 )(c 2 — a 2 ) 


LcJi giai. Ta co 

P 2 — (a — b) 2 (b — c) 2 (c — a) 2 (a + b) 2 (b + c) 2 (c + a) 2 
Gia si! a < b < c. Ta co 


P 2 < b 2 c 2 (b — c) 2 (ab + bc + ca) 2 (a + b + c) 2 < 


2 [26c + (6 — c) 2 + 2 ab + 2 be + 2ca] 5 (a + b + c) 2 


5 5 


Vay Pmax — a/ 5 khi a = 0, b = 


(a + b + c) 12 _ 
— 5 5 

— 1 + y/E 1 + y/E 


Bai 54. Cho a, b, c la cac so thiic du’Ong. Tim gia tri nho nhat cua bieu thhc 


b 3 


5 ca 6 y/ca 


a (b 2 + c 2 ) b(a 2 + b 2 ) (c + a) 2 c + a 


LcJi giai. Dat x = T , y — - 
b b 


p _ 1 + x 2 y 2 + 5 xy _ 6 y/xy 

xy 2 + x x 2 y + y (x + y) 2 x + y 


\/xy 1 

Dat t = — -, 0 < t < Ta co: 

x + y ~ ~2 


1 _ + x 2 y 2 > (xy +1) 2 > 2t 


xy 2 + x x 2 y 2 + y (x + y) (xy + 1) 


Suy ra 


P > 5t 2 — 4t > ~^,te [o; 

o 2 


Vay Pmin — — khi a = 2b = 4c 


Bai^oanJ 


Bai 55. Cho so tliUc x thay doi thoa man x > 1. Chhng minh rang 
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Led giai. Ta viet lai bat dang thde can chdng minh : 

.. 1 f x 1 


Ta co : 


Tiep tuc xet ham 

Ta cung co 


1 ( x 1 \ 2 

f{x) — e x — ( 2 ” 2 X -1 ” 1 ) trgn [ 1; +°°) 


^,*11 1,1 

f {x) = e - — + 7TT- 2 - 1 - b x 

e* 2 x ,;i x 2 2 


, , * 1 1 1,1 

q(x) — e - 1 ---- — 1 - x 

J e x 2x 3 x 2 2 


„ , , 1 2 1 3 

9W=e + ? + ?- 2 - 2^ >0 


Vay g(x) la ham dong bien tren [1; + 00 ) 


g(x) > g( 1 ) = e- 2>0 


Vay f (x)>0 vdi x 6 [l;+oo). Nenf(x) la ham dong bien tren [l;+oo) suy ra f(x)>f(l)=e—1 > 

□ 


lxl 

1 Vay f(x) > 1 vdi [1; + 00 ) hay: e® + - — + l ) 2 > 1 vdi [1; + 00 ) 


Bai^oanJ 


Bai 56. Cho cac so thuc a,b,c thoa man: 0 < a < b < c; a 2 + b 2 + c 2 = 3. Tim gia tri nho 
nhat cua 

P = 3 abc — 2014 a — b — c 


Led giai. Ta co : P > 3 a 3 — 2014a — y/2 (b 2 + c 2 ) 


Suy ra : P > f(a) = 3 a 3 — 2014a — \/6 — 2a 2 , a € [0; 1] 

Do : /'(a) = 9a 2 — 2014 H— < 0, (do : 0 < a < 1) 

V 6 - 2 a 2 

Suy ra : P > /(1) = -2013 
P min = -2013.™ : a = b = c = 1. 

i§ 

Bai^oanJ 

Bai 57. Cho cac so thrfc drfdng thoa man x + y + z — 9. Tim gia tri nho nhat cua bieu I 
tlitfc 

x 3 + y 3 | y 3 + z 3 | z 3 + x 3 
xy + 9 yz + 9 zx + 9 
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Lcfi giai. 


P =E 


/ X 3 

+ 9 


X 3 \ > Ax 3 

ZX + 9J — X (y -f z) + 18 


E 


Ax 3 

—x 2 + 9x + 18 


4 r 3 11 t — 21 o 

• Ta c6 ‘ _ x 2 + q x + 18 ^-4- ** ( x - 3 ) ( 27 ^ + 42 ) > (png) 

mP > H(x + y + z)-63 = g 
- 4 

Vay : P min = 9 .Khi : x = y = z — 3. 

Cach khac Chu y: • a 3 + b 3 > ab(a + b) -<=^ a 3 + b 3 > ^ + — ; • (t — 6) 2 > 0 -<=>■ 

FTS > i - 3. Khi do 

p * 3 + » 3 y 3 + z 3 z 3 + * 3 

x?/ + 9 t/z + 9 .za; + 9 

^ (z + y) 3 (y + z) 3 (z + x) 3 

~ Axy + 36 Ayz + 36 Azx + 36 

^ (* + y) 3 (y + z) 3 (* + *) 3 

- (x + y) 2 + 36 (y + z) 2 + 36 (z + x) 2 + 36 

>a: + 2/-3 + y + 2:-3 + ^ + 2:-3 = 9 


Do do MinP = 9 <++> x = y = z = 3. 


□ 


Bai^oanJ- 

Bai 58. ho cac so thiic khong am x, y, z thoa man \/l + x 2 + y/1 + 2y + \[\+~2z = 5 . 
Tim gia tri ldn nhat cua bieu thttc 

P = 2x 3 + y 3 + z 3 


Lcfi giai. Bat dang thhc phu can nhd: Vdi a, b la hai so thoa a,b,a + b > —1, ab > 0 ta luon 
co: 


/l + a —|— v 4 1 + 6 + 1 + \J\ + o + b 


Th do, gia thiet bai toan cho ta 5 > 1 + 1 + \J\ + x 2 + 2(y + z) 

P<2x 3 + (x + y) 3 < 2x 3 + ^ ~ 3:2)3 = f(x) 


De y 0 < x < 2^2 thi f(x) < /(2^2) = 32^2. Vay MaxP = 32^2 x = 2y/2, y = z = 

0 . □ 


( - [Bai toan] - 

Bai 59. Cho n, b>0 sao cho n + b — 1. Chvfng minh rang 
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LcJi giai. Ta co: 


/a 2 + 6 < 


/6 2 + a < 


/l + ab < 


a 2 + b + 1 


b 2 + a + 1 
2 

2 + ab 


Va 2 + b + x'lr - a + v I — ab < 
Dau " = " khi a = 0, b = 1 haya = 1, b = 0 


a 2 + b 2 + ab 5 a 2 — a + 1 5 

-I— =-h - < 3 

2 2 2 2 “ 


Bai^oanj- 

Bai 60. Cho a,b,c la cac so thrfc khong am thoa man a + b + c = 3. Tim gia tri ldn nhat 
cua bieu thrtc 



Lcfi giai. Vdi : 0 < x < 3 ta luon co : 


Suy ra : 


la 2 + 1 

I b+ 1 


< 1 + 


Vio-i 


a 2 + 1 


- < 1 + 


Vw-i 

3 


x? + 1 < 1 + 


Vio-i 


, < 1 - - 
A + 1 6 


G 1-F =1+ 


Vlo-l b a/Io — 1 
_a _ 6 18 ° 


V 6 + 1 

Lap 2 BDT tifdng tu roi cong lai ta dtfdc 


P < 3 + 


(a + 6 + c) - = | + yin 


Vay : P m0 i = - + VlO. Khi a;b;c la cac hoan vi cua 0; 0; 3 


B 


Bai^oanJ 

Bai 61. Cho cac so thrfc khong am a, b, c thoa man a + b + c = 3. Chilng minh rang 

a 2 + 1 b 2 + 1 c 2 + 1 < 45 
6+1 c+1 a + 1 — 4 


{ x 2 + 1 < 3x + 1 

+-<!-£ 
x + 1 - 4 
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SuyT ,: a l±l< { 3a + 1) ( 1 - t L) =3 a + l- b -- 3 4<l + 3a - b - 
b +1 \ 4/ 44 4 

Lap 2 BDT titdng til roi cong lai ta dildc : 

VT < 3 + ^ (a + $+ c| = ^ 

Dang thilc xay ra khi : a; 6 ; c la cac hdan vi cua 0; 0; 3. .ET 

[Ba^oanJ 

Bai 62. Chd 3 so thilc x, y, z khdng am thoa man : xy + yz + zx = 1 . Tim GTLN bieu I 
thtfc : 

P = 9 [x 2 + y 2 + z 2 ) - 4 (x 3 + y 3 + z 3 ) 


Lcfi giai. 

P < 9(x + y + z) 2 -4(x 3 +y 3 + z 3 -3xyz)-18 = 9(x + y + z) 2 -4(x + y + z) 3 + 12(x+y + z) - 18 

= 10 - (Ay + Ay + 4z + 7) (x + y + z - 2) 2 < 10 
Vay Pmax = 10 khi a = 6 = l,c=0 cung cac hoan vi. "E“l 


-Bai^oanJ- 

Bai 63. Chd a, b, c la dp dai 3 canh tarn giac.Tim GTNN bieu thhc : 

a b 1 

P = — -|— - -|- 

\/b + c — a y/c + a — b a + b — c 


Led giai. Dat vffc--a = x, y/c + a — b = y, y/a + b — c = z - 


,2 + z 2 z 2 + x 2 1 1 

—-1--- h^>z + z+^>3 Vay P min = 3\thi x = y = z = l 

2x 2 y z 2 z 2 


y 2 + z 2 z 2 + x 2 
2 ’ “ 2 


BaVtoanJ 

Bai 64. Chd a, b, c la do dai 3 canh tarn giac thoa man: a 2 + b 2 + c 2 — 3 . Tim GTNN 
bieu thiic : 

. Qj b c 

P = — -|—~^ = ^ = -|— 

\/b + c — a VcT a — b \/a + b — c 


Led giai. Dat \Jb + c — a = x, y/c + a — b — y, \/a + b — c — z 
x 2 + y 2 


> 12 = (x 2 + y 2 ) 2 + (y 2 + z 2 ) 2 + (z 2 + x 2 ) 2 < 4(x 4 + y 4 + z 4 ) 

4 


2 y 
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Vay P rm 


- 3 khi a = b = c — 1. 


Chilng minh bo de: — + — + — > 3\ ' 
y x x V 

Cluing minh : 


x 4 + y 4 + z 


(,a * 2 * 6 2 + 6 2 c 2 + c 2 a 2 ) > (a 2 + b 2 + c 2 ) 2 


Ta chi can chiing minh (x = a 2 , y = b 2 , z — c 2 ) 

3 ((a; - y) 2 + {y - z) 2 + (z - x) 2 ) 


(x + y + z) 2 > 3y / 3(a; 2 + y 2 + z 2 ) 


xy + yz + xz x-\-y-\-z 

(x - y) 2 + (y- z) 2 + (z- x)^ 


2 (xy + yz + zx) 


(x + y + z) [x + y + z) + y/3(x 2 + y 2 + z 2 J 
> 6 (xy+yz+xz) < ( x+y+z ) (x + y + z) + \/3{x 2 + y 2 + z 2 ^ (dung theo Cauchy—Schwarz) 


- Bai j toanJ 

Bai657 Cho a, b, c la 3 so thiic khong am thoa man : a + b + c = 1 . Tim GTLN bieu 
thtte : 

Q = 3 ab + 46c + 5 ca 


LcJi giai. Ta co 


Q = 3 ab + c(46 + 5 a) = 3 ab + (1 — a — b) (46 + 5c) 


46 2 + 26(3a - 2) + 5a 2 - 5a + Q = 0 
Phifdng trinh co nghiem an 6 thi 


Vay Praax 


A' = (3a - 2) 2 - 4(5a 2 - 5a + Q) > 0 


-11a 2 + 8a+ 4 ^ 15 

4 “ 11 


15 

TT 


khi a = 


4 

TT’ 


6 = 


9 

22 


□ 


- [Bai j toanJ 

Bai 66. Cho a, 6, c la 3 so thiic dnfdng thoa man : a + b + c= 1. Tim GTNN bieu thiic : 

p 3a 2 + 6 2 ^ 36 2 + c 2 ^ 3c 2 + a 2 

\] a 2 + ab + 26 2 \/b 2 + be + 2c 2 \/c 2 + ca + 2 a 2 


Ldi giai. Cho a, 6 la 2 so thitc ditdng. Tim GTNN bieu thtfc: 


3a 2 + 6 2 


36 2 4 


\/a 2 + ab T 26^ \/6 2 + ab + 2a 2 


1 
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yja 2 + ab + 2 b 2 ~ 4 

Lap cac bat dang thilc ttfdng tit suy ra 


7(a — 6) 2 (9a 2 + 9a6 + 2b 2 ) > 0 


P > 2(a + 6 + c) = 2 


Dang thdc xay ra khi a = 6 — c = - 


BaiMoanJ 

Bai 67. Cho 3 so a, 6 , c > 0 thoa man 2a + 2b + c 2 = 14. Tim GTNN cua bieu thdc: 
P = a 3 + 2b 2 + 2c 3 


Ldi giai. Dua vao gia thiet chac chan til ttfdng AM — GM da hien ra, van de la chon hang so 
cho phu hop. Ta co 

a 3 + 8 + 8 P 12a; 2 (b 2 + 9) P 126; c 3 + c 3 + 8 P 6 c 2 
Vay P + 42 > 6(2a + 26 + c 2 ) = 84 & P42 .P =42 khi a = c = 2, 6 = 3 □ 

[Ba^oanJ 

Bai 68 . Cho a, b, c>0 thoa man: (a + c )(6 + c) = 4c 2 Tim GTLN cua 

N — a + b + ab 

6 + 3c 3 c + a bc + ca 

Ldi giai. Dat x=->0;y=->0 Th dieu kien suy ra 
c c 

x + y + xy = 3=>x + y<2 


Vay 

x y xy < 3(x + y) 2 + 16(s Ay) - 12 < 1 
y+ 3 ir+3 x + y ~ 4(x + y + 6 

. Dau = khi x = y = 1. Vay Max N=1 khi a = 6 = c □ 


BaiMoanJ 


Bai 69. Cho a,b,c> 0; a + 6 + c = 3. Tim GTLN cua 
H = 


a 3 + 6 3 + c 3 


+ &\fabc 


LcJi giai. Ta co 

a 3 + 6 3 + c 3 = (a + 6 + c ) 3 — 3(a + 6 )(a + c )(6 + c) < 27 — 24a6c. 

^ + 8 ^* < + 8 ^* = ^ 8 * + 8 ^*. 
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Dat 
t < 1 


t = abc ta co 0 < t < nen 0 < t < 1 Xet ham so f(t) = ^9 — 8 t + 8 \ft\ 0 < 


/'(*) = 7 


1 1 

W~vW r W. 


Nhan thay (9 — 8 1) 2 — t 2 = 9(1 — t)(9 — 7t) > 0 —>• f(t) > 0 

=► fit) < /(l) = 9- 

Vay GTLN cua H la 9 khi a=b=c=l. 

Bai^oanJ- 

Bai 70. Cho a; b\ c > 0; a + b + c — 3. Tim GTLN, GTNN cua bieu thilc 

F = a + Vb + yfc 


Led giai. Ta co: 


Vb + yfc < -\J2(b + c) — \/2(3 — a). 


=> F<a+ y/2(3 - a) = /(a); a £ [0; 3], 

7 5 1 

Xet ham ta co GTLN cua F la - khi va chi khi a—-;b — c—- Xet ham g(a) = a+Vb+y/c; a £ 
[0; 3] 

g\a) — 1 > 0 =>• g(a) > g( 0 ) = Vb + V3 — b. 

Xet ham so nay vdi b £ [0; 3]ta co GTNN cua F la -\/3 khi a = b = 0; c = 3. 'ii 


Bai^oanj 

Bai 71. Cho a,b,ce [0; 1], Tim GTLN cua 


a 3 + 2 b 3 + 2 c 3 + 2 
6 2 + l c 2 + l a 2 + T 


Led giai. Ta co : 


a 3 + 2 < a 2 + 2 


—!—<i-_ 
b 2 + 1 - 2 


a 2 (a - !) < 0 


(dung : a, b £ [ 0 ; 1 ]) 


Suy ra : 


a 3 + 2 
&* + 


b 2 {b 2 - 1 ) < 0 

l< (a 2 + 2) (l-f) =2 + a 2 -6 2 -^!<2 + a 2 -6 2 


Lap 2 BDT tUdng tit roi cong lai ta ditpc : H < 6 
Vay H max = 6 . Khi : a = b = c — 0. 


Bai^oanJ 


Bai 72. Cho a,b la 2 so thitc du’cing.Tim GTNN bieu thilc: 

a 4 b A 1 

a 2 + 36 2 6 2 + 3a 2 yf a 2 — ab + b 2 
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LcJi giai. Ta co 

(a — 6) 2 [3(a 4 + b 4 ) + 9 ab(a 2 + b 2 ) + 4a 2 6 2 ] 

2(a 2 + 3b 2 )(b 2 + 3a 2 ) “ " 


a 4 b 4 ^ a 2 — ab + b 2 

a 2 + 36 2 + b 2 + 3a 2 “ 2 


□ 


Ba^oanJ- 

Bai 73. Cho a, b, c > 0 thoa man a + b + c = 3 Tim GTNN cua bieu thhc: 

(6 + cf + 32 (c + a ) 5 +32 (a + 6) 5 + 32 
a 2 + 1 b 2 + 1 c 2 + 1 


Led giai. Du: doan diem rdi tai a = b = c — 1 thi K = 96. 

BDT can chilng minh 

(^) 5 + 1 

9 J) -|- £ 

Ta co dieu hien nhien t 5 + 1 > t 4 + f| t = —-— va ket hop vdi AM-GM: 


b+ c 


6 + c\ b+ c bc(b 2 + c 2 ) + b + c 

^2~J + ^T~ 2 ( } ' 

Th (1) va (2) ta co K nho nhat la 6 khi va chi khi a — b — c — 1. 

Caeh khac ( 6 + c )S + 32 (a - 1) 2 (1461 - a 3 + 23a 2 + 949a) ^ 

Ta co danh gia: --> 104 - 72 a «=>■ -—-—--— -- > 0 (luon 

a 2 + 1 16(a 2 + 1 ) 

dung vdi 0 < a < 3). Do do K > 3.104 — 72(a + b + c) = 96. Vay MinK = 96 -<=>■ a = b = 
c= 1. □ 


BaiMoanj 

Bai 74. Cho a, b, c thoa man a 2 + b 2 + c 2 = 2(ab + bc + ca) Tim GTNN cua bieu thilc 

p = \ a ~ b \ + \ b ~ c \ + \ c ~ a \ 

V 2 ab + c 2 V 2 &c + a 2 y/2ac + b 2 


Lcfi giai. Th gia thiet ta co 


2 ab + c 2 = (b — c) 2 + (c — a) 2 . 


Dit doan P nho nhat la 2. BDT <=>• ^ y > 2 Vdi x = (a — &) 2 ; y = (b — c) 2 ; z — (c — a) 2 
Theo AM-GM: _ 

I X = X > 2x = o 

^\Jy + z ^ yj x ( y + z ) ~ ^ x + y + z 
Dau bang xay ra khi va chi khi a = b] c = 0 hoac a = 4b = 4c va cac hoan vi. 

Cach khac 
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Gia sii a > b > c > 0. Dat x = a — b,y = b — c,z = a — c, (x, y, z > 0). Ta co x 2 + y 2 + z 2 = 
a 2 + b 2 + c 2 , x + y — z. Khi do 

P = __ + V + , * 

y/y 2 + z 2 y/x 2 + z 2 y/x 2 + y 2 

Tiep tuc dat X = - Y = Ta coI.^G [0; 1] va X + Y = 1. Luc do: 

X y 1 

P = —-|--|- 

y/Y 2 + 1 y/W+l y/X 2 + Y 2 

Ket qua MinP = 2 -<=>■ (X; Y) = (0; 1), (1; 0) hay c = 4a = 4b ^ 0. □ 


BaYtoanJ 


Bai 75. Cho a, b, c > 0, ab+bc+ca = 1. Chilng minh: 


(a + b + c) ^ 


a + 6 fc + c c — a \ . 
1 + c 2 + 1 + a 2 + 1 + 6 2 J : 


Lcfi giai. Theo gia thiet : 1 = ab + be + ac 


a + b 

a + b 

^ TT? 

(a + c)(b + c) 

b + c 

b + c 

1 + a 2 = 

(a + c) (a + b) 

a + c 

a + c 


1+b 2 (b + c)(a + b) 


> P = (a + b + c). 


a + b 


b + c 


a + c 


nen 2.P = [(a + b) + (a + c) + (b + c)]. 


L(a + c) (b + c ) (a + b) (a + c) (b + c) (a + b) \ 

+b b+c a+c 


+ c)(b + c ) (a + b) (a + c) (6 + c) (a + 6) J 


Ap dung bdt Co-si ta co : 

(a + b) + (b +c) + (a + c) > 3{/ (a + b)(b + c) (a + c) 

I a + b b + c a ”*” c l >3 1 

\_(a + c)(b + c) (a + b)(a + c) (b + c) (a + b)\ ~ ^/( a + b) (a + c ) (b + c) 

=+ 2.P > 3.3 =► P > ^ 

Dau = xay ra<+a = b = c= l 

Cach khac 


2.VT — [(a + c) + (a + b) + (b + c) 


I a + b 


b + c 


[(a + c)(b + c)^ (a+ c)(b +a) + (b + a)(b + c) 
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Ap dung BDT Cauchy-Schwarz va AM-GM ta co 


2V,t>|A^ + /±£+ ./“+£) >9 
I b + c V a + c v b + a 


Vay ta co dpcm. Dau "=" xay ra khi a = b = c. 


Bai 76. Cho a,b la 2 so thuc duong.Tim GTNN bieu thtic: 
P= - 


b 4 1 

l 9 + - 


' a 2 + 3b 2 b 2 + 3q 2 ^ Q 2 _ ab + b 2 


Led giai. De y rang 


b 4 1 

r + -7T^ + - 


(a 3 + b 3 ) 2 (a + b) 


a 3 + b 3 


" a 2 + 3 b 2 b 2 + 3a 2 va 2 _ a b + b 2 ~ (a 4 + & 4 + 6 a 2 b 2 )(a + b) ~ 2 (a + b) 

1 a 2 — ab + b 2 + 1^3 ^ 


\Ja 2 — ab + b 2 


\/a 2 — ab + b 2 2 


Bai^oanJ 


Bai 77. Cho a, b, c > 0; a + b + c = 3. Tim GTLN cua : 

N = (ab 3 + be 3 + ca 3 )(ab + bc + ca ). 


Led giai. Ta co: 


N 2 = (ab 2 +bc 2 +ca?)M + bc + ca) 2 < + 6c + ^ ±1A± = Y (ab+bc+ca?+(ab * +b 


2 L 3 J 27 l 

Sau do phan tich drtdc: 

( ab+bc+ca) 2 +(ab 3 +bc 3 +ca 3 ) = ^ a 2 6 2 + 2 a 6 c(^ a)+^ a 6 3 = ^(a 2 6 2 +a 6 3 ) = ^a 6 2 (a+ 6 ) = ^ ab 2 (l 
Khong mat tilth tong quat, gia sii (b — a)(b — c) <0 Suy ra : 


ab 2 +bc 2 +ca 2 +abc = b(c+a) 2 +a(b—a)(b—c) < b(c+a ) 2 < _ 4 


Vay 


Dang thtfc xay ra a = 0, b = 1, c = 2 va cac hoan vi . 


Bai^oanj 


Bai 78. Cho a,b,c> 0 Chrfng minh rang 


3(a + b + c)>^ l?AA±Z + s^- c , 
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Lcfi giai. Chia 2 ve cho : \fabc roi dat : x 
1 , (x, y,z > 0 ) 


a 



b 


y/abc 


Ta can CM : 

S(« + » + «)>^±£±^ + 8 


c 

_ => xyz = 

\fabc 


Dat : 

P = 3( X + y + z)-8-^Zl±l 


Ta co : 


x 3 + y 3 + z 3 — 3 xyz + (x + y + z) (x 2 + y 2 + z 2 — xy — yz — zx) 


Suy ra : 

x 3 + y 3 + z 3 — 3 + (x + y + z) 3 - 3 (x + y + z) (xy + yz + zx) < 3 + (x + y + z) 3 - 27 
Khi do : 


P>3(x + y + z) — 8 




^P> f(t ) = 3t - 

Ham / tang nen f(t) > f( 3) = 0 dpcm. 


□ 


Bai toanj 

Bai 79. Cho a, b, c la 3 so thifc ditong . Tim GTLN bieu thitc : 


ab be 

2 + 3 b 2 + b 2 + 3c 2 + c 


+ 3a 2 


_ v . ^ f b c a\ , . 

Ldi giai. Dat I - 1 —* (x; y\z) => xyz = 1 

Ta co: 3(t + l)(3t 2 + 1) — 8 t(t 2 + t+l) — (t — 1 ) 2 (t + 3) > 0, Suy ra: 

P = 1 + v + 2 < 3 -( 1 + 1 4 y -±l + Z+1 )<l 

3x 2 +1 3y 2 +1 3z 2 + 1 8\x 2 +x+l y 2 + y + l z 2 + z + lj 4 


Vay P max = - khi a = b = c 


H 


BaiMoanJ- 

Bai 80. Cho cac so thrfc a,b,c thoa man a > b > c va a 2 + b 2 + c 2 = 5 . Chxfng minh 
rang: 

(a — b)(b — c) (c — a) (ab + bc + ca) > — 4 
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Ldi giai. Ta chi can xet trrtdng hop (a — b)(b — c)(c — a)(ab + bc + ca ) < 0. Binh phrfdng 2 ve 
ta dna bai toan ve cluing minh: 


Ta co: (a — b) 2 (b — c) 2 (c — a) 2 (ab + be + ca) 2 < 


(a — b) 2 (b — c) 2 (c — a) 2 (ab + bc + ca) 2 < 16 

16 ((a — b) 2 + (a — c)(b — c) + ab + be + ca) 5 


(a 2 + b 2 + c 2 ) 5 
5 s 


5 5 


= 16 Ket thuc chilng minh, dang thile xay ra khi a = 2, 6 = l,c = 0 


Bai 81. Cho x,y,z, t la cac so thife thoa man xy + yz + zt + tx = 1 Tim GTNN cua 
H = 5x 2 + 4y 2 + 5z 2 + t 2 


Lcfi giai. 

H ^ 5 (x + z) +4y 2 +t 2 _ + 4y^j + (2(x + z) 2 + t 2 ) > 2^2 (x+z)(y+t) = 2^2 (xy+yz+zx+xt) 

□ 




Bai 82. Cho a,b,c e [0; 2] thoa man a + b + c = 3. Chhng minh rang a 3 + b 3 + c 3 < 9 


Ldi giai. Vdi hinh thhc nlnr nay drfa ve 1 bign la nhanh gon nhat 
Khong mat tinh tong quat gia sh a > b > c thg thi 1 < a < 2 
Drf doan dau bang xay ra tai 2,1,0 nen ta danh gia 

b 3 + c 2 < (b + c) 3 — (3 — a) 3 


Gid phai chiing minh 

a 3 + (3 — a) 3 < 9 9(a — l)(a — 2) < 0(Luon dung) 

Vay BDT cluing minh xong, dang thiic xay ra khi a = 2,6= 1, c = 0 va cac hoan vi. 

Gia sii (1 — a) (1 — b) > 0 =>• ab > a + b — 1 

Do do: 

a 3 + b 3 + c 3 — (o + b) — 3 ab (o + b) + c 3 ^ (o + b) — 3 (o + b — 1) (o + b) + (? 

= (3 - c) 3 - 3 (2 - c) (3 — c) + c 3 = 6c 2 - 12c + 9 = 6c (c - 2) + 9 < 9 

Dau bang xay ra khi va chi khi a = 2; 6 = 1; c = 0 va cac hoan vi. LI 
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(MHoanj 

Bai 83. Tim gia tri nho nhat cua bieu thtic 

x y z 

-b — + — 

y 2 z z 2 x x 2 y y z x 

trong do x,y,z la cac so drfdng thoa man dieu kien x + y + z < § 


Trich de thi thut so 04 - tap chi TH&TT. 


Led giai. Sii dung AM — GM ta co: , „ . Titdng tu cho cac bieu thtic con lai ta 

64 y 2 z x 4 y 

co: 

— 64 y 2 z ^ 4 y 

63 (x + y + z) 2 (x + y + z) 2 


64 xyz(x + y + z) 4(x + y + z) 

x + y + z 


63.27 


7 + 


64(x + y + z) 2 4 

837 27 


32(x + y + z) 2 64 (x + y + z) 2 

837 9 

>am-gm ipr ,—;-;—+ yy 

32 (x + y + z) 2 16 

> 837 9 _ 195 

“ 3Tf + 16 “ ~16~ 


195 

Vay MmP = — 
16 

Cach khac 

Ta thay rang : 


x — y — z — 


x 5 x y 1 1 1 

-1-b - H-1-+— > 

y 8 8 16 16 16 “ 


x 5 x y 111 3x 

7'8'8'16'16'16 = Y 


E x 5 1 , 3, . 

— +-{x + y + z) >-(x + y + z) 

Ta cung co danh gia sau : 

E x (x + y + z) 2 x + y + z 1 1 1 

— > , - J — = - - -= - + — + - " 

7 - -■ — 


' y 2 z xyz(x + y + z) 


Mac khac : 


xy + yz + zx < 


xyz xy yz 
(x + y + z) 2 


' xy + yz + zx 


> Y' — > 

Z-^ 1, 2* - 


3 

27 


Suy ra : 

Den day ddn gian rdi . 


y 2 z (x + y + z) 2 


©Ngo Hoang Toan 


www.k2pi.net 


Trang 127 

























4 BAT DANG THLfC LUYEN THI 2014 


Bai^oanJ 


Bai 84. Cho a,b,c thoa man (a + b + c) 3 — 32 abc Tim GTLN va GTNN cua : 

a 4 + 6 4 + c 4 


M - 


(a + b + c) 4 


LcJi giai. Khong mat tinh tong quat , gia snf a + b + c — 4 thi ta co : abc = 2 
Khi do 

P = 2^(“ 4 + 64 + c 1 )- M = 2 S 6 ' M 

Dat t = ab + bc + ca 


Ta co 


M = a 4 + b 4 + c 4 = (a 2 + b 2 + c 2 ) 2 - 2 ( a 2 b 2 + b 2 c 2 + a 2 c 2 ) 
( a 2 + b 2 + c 2 ) 2 = [(a + b + c) 2 — 2 (ab + be + ac )]" 
a 2 b 2 + b 2 c 2 + a 2 c 2 — (ab + bc+ ac) 2 — 2 abc (a + b + c) 

M = (6 - 2t) 2 -2 (t 2 - 16) =2 (t 2 - 32 1 + 144) 


Ta co 


t = ab + be + ac — a (b + c) + be = a (4 — a) H— 
Ma (b + c) 2 > 46c nen (4 — a) 2 > - hay (a — 2) (a 2 — 6a + 4) >0 
3 — v^5 < a <2 

2 

Xet ham t = —a 2 + 4a + ae [3 — \/5; 2] 

.5^5-1 


Khao sat tim duMc 5 < t < - 


Xet ham so : / (t) — 2 (t 2 — 32 1 + 144) vdi 5 < t < 


5a/5- 1 


ta co Maxf(t ) = /(5) = 18 ; Minf(t) = / ( | = 383 — 165\/5 


Vay MaxP = dat ditqc khi a = 2\b — c = 1 
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„ 383 — 165-\/5 _ l + V^ 

MmP = -dat drfdc —»• a = 3 — V5 ;b — c= - 

256 2 

- Bai to an] - 

Bai 85. Cho cac so thtfc thoa man a + b + c= l;ab + bc + ca > 0. Tim gia tri nho nhat 
cua bieu thtic 

P- 2 + 2 + 2 + 5 

\a-b\ \b — c\ |c — a\ y/ab + bc + ca 


LcJi giai. Gia stjT b nam gifla a va c . Ta co: bat dang thdc tri tuyet doi: 

2 2 

\c — a\ = \a — c\ < \a — b\ + \b — c\ —>• 7 - 7 > 


2 2 2 10 

T + w-r + 7-r > 


c — a\ \a — b\ + \b — c\ 
10 


\a — b\ \b — c\ \c — a\ \a — b\ + \b — c\ a — c 
_ 10 5 


Co 2(a 2 + b 2 ) > (a + b) 2 
Hay 


a — c yjab + bc + ca 

> 40 

- (a — c) + 2^/ab + be + ca 

* (a+ b) < a/ 2(a 2 + b 2 ) 


Hay: 


(a — c) + 2\Jab + bc + ca < y/2[(a — c) 2 + 4 [ab + bc + ac )] 
40 

=► P > 7 . , 

y/2[(a — c) 2 + 4(a5 + bc + ac )] 

■ S 20.4/2 

y/(a — c) 2 + 4(a5 + be + ac) 


^/(a — c) 2 + 4 (ab + bc + ac) = Va 2 + c 2 + 2ac + 4a5 + 45c = ^/(a + c)(a + c + 46) 


3( 0 + c )( a + c + 4»)< (4a + 4 ' , + 4c)2 =4 


► -\/(a + c) (a + c + 45) < — F 


V3 


> 10.V6 


Dau bang xay ra 


a — b = b — c<^l - 3b = 0 ob= - 


2 —1 

(a — c) 2 = 4(a5 + 5c + ac) =4> (a + 5) 2 — 4ac = 4(- + ac) =4> ac = — 

2 2 + \/6 2 - V 6 

a + c=-<£>a = —-—;c = —-— 

3 6 6 
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Cach khac 

Khong mat tmh tong quat , gia sut a > b > c khi do bdt trb thanh : 


^ 2 2 2 5 

P = -1-1-1- 

a — b b — c a — c ab + bc + ac 

114 2\f2 

Vdi moi x ; y dildng ta co : —I— > — : — > - 


y x + y y/x 2 + y 2 


P = 2 ( J ~u*i L 
\a — b 0 — 1 


a — c ab + bc + a 


^82 5 

> P > -1-1— - 

a-b + b-c a-c y/ab + bc + a 


= 10|A_ + 1 


20^2 


a - c 2y/ab + bc+ ac) ^( a _ c f + 4 ( a 6 + bc + ac) 

20y/2 

y/(a + c)(a + c + 4 b) 

20^2 


' y/(l - 6) (1 + 3 b) 


Ap dung bdt Cauchy ta co : 


(1 - b) (1 + 36) : 


(3 - 36) (1 + 36) (3 - 36 + 1 + 36) 2 _ 4 


V(1 - 6) (1 + 36) < ^ =* P > 10V6 

2 2 + y/E , 1 2 — y/E w ' u ' 

Dau = xay ra <+> a = —-—; 6 = c = —-— hoac cac hoan vi. 

6 3 6' 


- Bai j toanJ 

Bai 86. Cho 3 so a, 6, c > 0 thoa man a 2 + 6 2 + c 2 = 1. Tim GTLN cua bieu thdc 
P = (a — b)(b — c)(c — a)(a + b + c) 


Lcfi giai. Gia sd c > 6 > a 


Ta co : 


4P = 4. (a + 6 + c)(a — 6) (6 — c)(c — a) = 4. (a + 6 + c)(6 — a)(c — 6)(c — a) 
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=>• P < [(a + b +c) (b — a) + (c — b) (c — a)] 2 


= [b 2 + c 2 + a (b — 2c) - a 2 ] 2 < (b 2 + c 2 ) 2 


nen P < (a 2 + b 2 + c 2 ) 2 - 1 
Vay P max = - 


Dau = xay ra a = 0; b = 


y/2-VZ 

-r-; c 


\/2 + V 2 

2 


□ 


- Bai j toanJ 

Bai 87. Cho x, y,z la 3 so thuc thuoc doan [0; 1] . Tim GTLN bieu three : 

p _ x 3 + 1 y 3 + 1 z 3 + 1 
~~ y/3y Tl + x/3^Tl + V3x + 1 


Lcfi giai. Ta co: 


Suy ra: 


{ x 3 + 1 < x + 1 

1 < 1 - - 
VW+1 - 2 


P < (x + 1) (l - |) + (y + 1) (l - |) + (z + 1) (l - |) = 3 + 


x + y + z — xy - yz — zx 


_ Q {x- l){y - l)(z - 1) + 1 - xyz ^ 7 
+ 2 - 2 
7 

Vay Pmax — 2 khi a: = 1, 1 / = 1 ,0 = 0 hoac a; = l,y = 0, ,z = 0 cung cac hoan vi. Q 


Bai^oanJ 


Bai 88. Cho x, y la 2 so thrtc drfdng thoa man : x A + y 4 + 4 = — . Tim GTNN bieu 

23 / 

three : 

p _ x + 1 y + 1 _ ^/xy 

2x + 1 2y + l x 2 + y 2 — 1 


Lcfi giai. Gia thiet cua bai toan ta suy ra 
g (x 2 + v 2 ) 2 

— = x A + y 4 + 4 > - — + 4 > 2 x 2 y 2 + 4 2 x 3 y 3 + Axy — 6<0<^>0<a;y<l 

xy 2 


Trf day, bieu three P dredc viet lai thanh 
x + y+1 


P= 1 + 


^ >i + ^_ 


x + y 


(2x + 1) (2y + 1) a; 2 + y 2 — 1 a: + y + 1 2 (a: 2 + y 2 — 1) 
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4 BAT DANG THtfC LUYEN THI 2014 


Vdi 0 < xy < 1 thi ta co 

P = I+i/ + 1 _ ^ >1 +_ 1 _E±»_>1 +_3_ 

(2x + 1) (2j/ + 1) x 2 + y 2 - 2 x + y + 1 2 (x 2 + y 2 - 1) y^2 (x 2 + y 2 ) + 1 

>1 +_^_ x 2 + y 2 4- 2 = 3f_1_1_2_ 

x 2 + t/ 2 + 4 4 (x 2 + y 2 — 1) 4 [ x 2 + y 2 — 1J x 2 + y 2 + 4 

Mat khac, tb gia thiet ta lai co 

(z 2 + !/ 2 ) 2 + 4 = - +2xV = 2xV + - + - + - > 3{/&v41 + 2 = 8 =4- * 2 + » 2 > 2 
xy xy xy xy \ xy xy 

Neu 4 + 2 a/ 6 > x 2 + y 2 > 2 thi ta co 

/(f)= i( 1 ~i) + ^- /(1) = 5’ f=:c2+!,2 “ 1 ( fe l 1;3+ H) 

Neu x 2 + ?/ 2 € (4 + 2\/6; +oo) thi ta co 

fe ■ f w=& [! 0 -1) + ih] = l 1 = * 2+ y2 ~ v * e ( 3+2V ® ; +0 °) 

3 1 .1 

Ma - > - suy ra gia tri nho nhat cua P = - khi x — y = 1. □ 


BaiMoanJ 

Bai 89. Cho x,y,z la cac so thitc during thoa man x + y + z = 6. Ctiling minh rang 

x 2 y 3 z 4 23 

— # — + ■- > — 

2 12 108 “ 12 


Ldi giai. Mot each de thay do la dung bat dang thile trung binh cong va trung binh nhan, ta 


d + i> 2 ,/di. 

2 2 ~~ V 2 2 


y 3 2 2 

— + - + ->3 W . . 

12 3 3 “ V 12 3 3 


-1-h - > 3 

108 4 4 “ 


Jy 3 2 2 _ 

V 12 3 3 y 

3 z_z_=J 

V 108 4 4 4 


x u 2 ; 

=>•-1-1-. 

2 12 108 ' 

tit tim cac so x 0 va a 


z 2 z 11 z 2 3 

- + 6-2r---- = ---2:4 


25 1 n2 

y = -(x-x 0 ) +a>ct 


BaiMoanJ 


Bai 90. Cho a, b, c la cac so thuc duong thoa man - + \ + - < 3. Chilng minh rang: 

a b c 


a 2 + 1 


5 2 + 1 


c 2 + l 


Va 2 — a + 1 a/P — 6+1 a/c 2 — c + 1 
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4 bAt DANG THIjC LUYEN THI 2014 


Lcfi giai. 




a + i - i) 


'E- 


1 

a #■ “«■ 


Cach khac 

Doi bien (a,b,c) —> Q, |, . Gia thiet se la a + b + c < 3 va bat dang thdc trd thanh: 

E f, = 1 2 6 (*) 

^ a\/a 2 — a + 1 


Si! dung bat dang thtfc AM — GM ta co — a + ^ _ > \/ ( + ) _ JL p) 0 ^ 

' a^a 2 -a + 1 “ a\/a 2 - a +1 

VT(*> > V 4= >c-s-^-> . :J8 6 

^ yfa y/a + Vb + y/c ^3 (a + b + c) 


- Bai toan] 


Bai 91. Cho a, b, c la cac so thcfc ditong thoa dieu kien: 4a + 36 + 4c = 22 .Tim GTNN 
cua: 

12 3 

P = a + b + c+ — + -r+~ 

3a b c 


22 — 3b 

Lcfi giai. Gia thiet suy ra a + c = —-—, 0 < 6 < y < 8. Sii dung Cauchy — Schwarz ta co 

2 (1 + 3) 2 22 — 3b 2 64 „ , 22 n 

P > o + 6 + c+ - b + + 6+ z < 6 < y < 8 

Khao sat f(b) — 22 ^ + b + ^ + , 0<6<y<8ta dtfdc MinP = Minfib) = 

4 0 OyZZ oO J 

25 25 

/(2) = —. Th do tim difdc MinP = — -<=^ a = 1, b = 2, c = 3. □ 


Bai^oanJ 


Bai 92. Cho a, b, c la cac so there dcfdng thoa abc = 1. Tim GTNN cua bieu thiic 
P = (a + b)(b + c)(c + a) + 72 = 

YttH-O + C+ l 


(a + b) (b + c) (c + a) = (a + b + c) (ab + bc + ca) — abc 


Lcfi giai. Vdi chu y: 


> (a + b + c)(ab + be + ca) — -(a + 5 + c)(a6 + be + ca) 


(a + b) (b + c) (c + a) > - (a + b + c) (a& + 6c + ca) 


va ab + be + ca > ^3abc(a + b + c). Ta co 

P P — (a + 6 + c) \/3(a + b + c) + 


72 . 

Va+6+c+l 
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4 BAT DANG THtfC LUYEN THI 2014 


Bai^oanJ 


Bai 93. Cho x, y , z thoa x 2 + y 2 + z 2 + 2xy <2(x + y + z) Tim min 

40 40 


P = x 2 + y 2 + 2 Z + 


\Jy + z + 1 y/x + 3 


Ldi giai. Th dieu kien ta co (x + y) 2 + z 2 < 2(x + y + z) mat khac (x + y) 2 + z 2 > 
suy rax + y + z<4: 


y/y + z+1 \Jx + 3 


(g + y + a 


> 2(x + y + z) + ™ =+ Tac6 ” v " ' + 20 + 2 ° > 30 + * + ^ + 

“ z +1 2 V^T3 “ 2 

-JL= + —JL= > 30 Suy raP + 2+ :r + j/+ / + 20 > 60,suy ra P > 60-2- 
v^TT+T V?/ + 2 + 1 ~ 2 

x “I - v -I- z -I- 20 

— > 60 - 2 - 12 = 46.Vay MinP=46 khi x = y = 1, z = 2 □ 



Bai^oanJ- 

Bai 94. Cho a,b,c> 0 Tim GTLN cua : 


Va? + 6 2 + c 2 + 4 (a + 6) ^/(a + 2c) (b + 2c) 


Led giai. Ta co : 

. n - -— ^ . a + fe + 4c a 2 + b 2 + 2ab + 4ac + 46c , 2 2 2 s 

(a + 6) V (a + 2c) (6 + 2c) < (a+ b) ---= ---< 2 (a 2 + b 2 + c 2 ) 

Dat t = s/a? + 6 2 + c 2 + 4 => t> 2 
Nen 

p< 4 - ; 9 


: t 2 (t 2 — 4) 


Xet ham / (t) = j - 2 ^ 9 _ ^ vdi t > 2 


/'(*) = 


(4 - t) (4t 3 + 7 1 2 -At- 16) 
t 2 (t 2 - 4) 2 


4t 3 + 7t 2 - 4t - 16 = 4 (t 3 - 4) + t (7t - 4) > 0 


Nen f (t) — 0 AA t = 4 


Lap bang bien thien =£- P < - 

Vay GTLN cuaP=|^a = 6 = c = 2 □ 

8 
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4 bAt DANG THLfC LUYEN THI 2014 


Bai^oanJ 


Bai 95. Cho x, y la cac so thirc drfdng thoa man (x + y — l) 2 = xy. Tim gia tri nho nhat 
cua bieu thtfc 

J-_ + V^y 

2 + y 2 x + y 


Q = — ~ 

xy 


{x + y - l) 2 = xy < 


(x + yf 


Lcfi giai. Ta co: 


Suy ra P = (S - l) 2 G 11 Ta co: 


Dat x + y = S, xy — P, ( S 2 > 4 P, S G 


14 


1 1 y/P 

P + S 2 -2P + S 

1 1 S-l 

** Q ~ (S - if + S 2 - 2 (S - 1 ) 2 + s 


■<+ Q = 
<+ Q = 


1 


1 


S-l 


&Q -2 = 


(S-lf 4S-S 2 -2 S 
-S 5 + 7 S 4 - 17 S 3 + 21 S 2 -11S+ 2 
(. S-lf.(4S-S 2 -2).S 
S 5 - 5 S A + 5 S 3 + 5S 2 -7S + 2 


(S-lf.(4S-S 2 -2).S 


(s-w^-^+as-i) > 

(£-l) 2 .(4S-£ 2 -2).£ 

(Do S 4 — 35 3 — S 2 + 3S — 1 < 0, VS G 2j ) Vay Q >2 .Dau bang xay ra khi x — y — 1 


Bai^oanj 

Bai 96. Cho x, y, z > 0 va x + y + z — 1. Tim gia tri ldn nhat cua bieu thrfc 
P = x(y- zf + y{z - xf + z(x - yf 


Lcfi giai. Do vai tro binh dang cua x, y, z trong P nen ta co the gia sxt: 0 < z < y < x 
Khi do ta co: P — x(y — zf + y(x — zf + z(x — yf < x(y + zf + yx A + zx A 

Dat d = y + z thi P < xd A + dx A = xd{x 3 + d 3 ) = xd[(d + x) 3 — 3 xd(d + s)] = xd( 1 — 3 xd) (vi 
x + d = 1) 

Khi do + 

„ , „ 3 + V6 3-^6 

P = khi va chi khi x =-, y = -, z — 0 

6 6 

Vay gia tri ldn nhat cua P la ^ dat drfdc khi va chi khi (x, y, z) la mot hoan vi cua [ ^ 0 

LZ ■ ■ \ 6 6 

n 
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4 BAT DANG THtfC LUYEN THI 2014 


Bai^oanJ 

Bai 97. Cho ba so thuc x, y, z thoa man x 2 + y 2 + z 2 + xy + yz + zx — 25. Tim gia tri 
nho nhat cua bieu thde 

P = x 2 + 3y 2 + 9z 2 


Ldi giai. Lam bda luon dau tien ta thay rang dieu kien bai toan rat la dang ghet bdi le kho 
khai thac dd kien gi td do td cac each danh gia : x 2 + y 2 + z 2 > xy + yz + zx =>- nhdng bat 
dang thde dang x + y + z <p hoac xy + yz + zx < q thanh ra khong danh gia kieu binh thdcJng 
dddc ta se danh gia khac : P — x 2 + 3 y 2 + 9 z 2 > k(x 2 + y 2 + z 2 + xy + yz + zx) = hang so □. 
Thanh ra ta se nhan hai ve cua P cho m/0 thich hdp de co danh gia nay: 

mP = mx 2 + 3my 2 + 9 mz 2 


Luc nay ta se tach ra dang : 

x 2 y 2 z 2 

mP — n(x 2 +y 2 +z 2 )+(m—n)x 2 +(3m—n)x 2 +(9m—n)z 2 = n(x 2 +y 2 +z 2 )+^^^-—|— ■> 

m—n 3m—n 9m—n 


De tim dc gia tri 0 < m va n < rn thich hdp nay ta mdi bat dau thuc hien danh gia thong qua 
bat dang thde CS va danh gia tiep tuc se la : 


mP > n(x 2 + y 2 + z 2 ) + 

= (x 2 + !/ 2 + ^)L+ — + -4_ 

\ m — n 3m — n 


(x + y + z) 2 



2 (ab + be + ca ) 


Ta mdi bat dau =4> (n + + 3m 1 _ n + 9 J_ w ) = i | 2 | i va tiep theo ta se thde hien 

dong tac tim gia tri cua rn va n thich hdp dong tac nay se khong kho khi ma ta thd vai gia tri 
m thich hdp □ 


-( Bai toan) — 


Bai 98. Cho a, b, c la cac so thuc dddng thoa man ^b> a — c> Tim gia tri ldn nhat 


cua bieu thde: 


p 12 (a-b) | 12(5 — c) | 25(c-a) 


LcJi giai. Xet 

, „ ^ 12 (b + c — a) 12 (c + a — b) 25 (a + b — c) 

A = 49 - P = — -- + —— -- H--- 

c b c 

Dat 2x = b + c — a-,2y — c + a — b]2z = a + b — c a = y + z;b — x + z\ c — x + y 
4 3 4 

-b> a — c> -b —>• a > - ( b + c ) < b + c ^ 0 < 4x < z < 9x. 

A _ 24x | 24^ | 50x 
x + y z + y z + x' 
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4 bAt dAng thjJc LUYEN THI 2014 


Coi A la ham cua y: 


A '(y) 


24 (z — x)(y 2 — zx) 


(x + y) 2 (y + z) 2 

A> (y) y = ±Vzx- 

y — oc —y A > 64. 


24x 


x + y 
24z 
y + z 

50x 50 


> 0 ; 


x + z 


1 + - 


jr-v 48y/x 50z 

A(-y/zx) = v + ——. 

y/x-y/z Z + X 


A(y/zx) = 


48-y^ 50 z 

y/x + yfz Z + X 


- — + — = m 

t + l + t 2 + l /u ' 


fx riil 

= v? f6 N 


m = 


48 t A - 1001 3 - 104t 2 - loot + 48 


{t + i) 2 (t 2 + iy 

fit) = 0«» 12 ft + -25 ft + —50 = 0 

=+ A> A{yfzx) > f = 56. 

=4> 49 - P > 56 =► P < -7. 

Vay GTLN cua P la —7 khi va chi khi a = 2c; 35 = 5c. 


Bai^oanJ 


Bai 99. Cho cac so thilc khong am a, b, c thoa man ab + bc + ca = 1. Cluing minh rang: 

3 ab + 1 3 be + 1 3 ca + 1 

- 1- + ~, -+- > 4 

a + b b — c c+ a 


Lofi giai. Bat dang thile da cho trfdng during vdi 

3 ab + ab + bc + ca 3 be + ab + bc + ca 3 ca + ab + bc + ca 

-,-b-,-+->4 

a + b A L . . O + C C + a 

, 4 ab 4bc 4 ca ^ i 

O- a + b + c -\ -- + y-1-> 4 

a + b b + c c + a 
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4 BAT DANG THtfC LUYEN THI 2014 


Mat khac 


ab (a + b) + bc(b + c) + ca(c + a) < ( a + 6 + c) (ab + 6c + ca) = a + b + c 
Ter do suy ra 

. 4 ab Abe Aca ^ . A(ab + bc + ca) 2 , A ^ . 

a+6+cH--+--1-> a+b+c -\——-—--——-r- - -- = a+6+cH---> 4 

a + b b + c c + a ab (a + b) + bc(b + c) + ca (c + a) a + b + c 

Dang tilde xay ra khi a = 0; 6 = c = 1 va cac hoan vi. 

Cach khac 

Bat dang there da cho trtdng deTdng vdi 

^ (3 ab + 1) (6 + c) (c + a) > A (a + b) (b + c) (c + a) 

<+> ^ (3 ab + 1) (ab + bc + ca + c 2 ) > 4 (a + b) (b + c) (c + a) 

<+> (3a6 + 1) (1 + c 2 ) > 4 (a + 6 + c) — Aabc 

<+> (a 2 + b 2 + c 2 ) + 3 (ab + bc + ca) + 3 abc (a + 6 + c) + 3>4(a + 6 + c) — Aabc 

<+> (a + b + c — 2) + abc (3 a + 36 + 3c + 4) > 0 

□ 


Ba^oanj 


Bai 100. Cho cac so there deTOng a, b, c thoa man a + b + c > 3. Chetng minh rang: 
a 3 - a 2 6 3 - b 2 c 3 -c 2 n 

- o + - 9 H- 9 ^ 0 

(a + 6) (b + c) (c + a) 


Led giai. Bat dang there da cho terong dctdng vdi 
Bat dang there da cho teTdng deTdng vdi 


a 3 - a 2 b 3 -b 2 

> + 1 + -- -9 + 1 + - 


(a + 6) (6 + c) (c + a) 

a 3 + 2 ab + b 2 t b 3 + 2 be + c 2 { c 3 + 2 ca + a 2 ^ Q 

4 77 ' 72 I 7 To IS 1 


(a + by (b + c)' 

Theo bat dang there Cauchy — Schwarz ta co 


(c + ay 


(a 3 + 2 ab + b 2 ) (a + 2 ab + b 2 ) > (a 2 + 2 ab + b 2 ) 2 — (a + 6) 4 


a 3 + 2 ab + b 2 . 
(a + 6) 2 


_ (a + 6) 2 
a + 2 ab + 6 2 


TeTdng ter ta cung cd 

6 3 + 26c + c 2 > (6 + c) 2 c 3 + 2 ca + ° 2 > ( c + a ) 2 

(6 + c) 2 “6 + 26c + c 2 ’ (c + a) 2 ~c + 2ca + a 2 

Tef dd suy ra 

a 3 + 2a6 + 6 2 6 3 + 26c + c 2 c 3 + 2ca + a 2 > (a + 6) 2 (6 + c) 2 (c + a) 2 > 4(a + 6 + 

(a + 6) 2 + (6 + c) 2 + (c + a) 2 “ a + 2a6 + 6 2 + 6 + 26c + c 2 + c + 2ca + a 2 “ a + 6 + c + (a - 

Dang there xay ra khi a = 6 = c = 1. □ 
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5 BAI TAP 


5 Mot so bai tap luyen tap 


Bai 1. Cho a, b, c la cac so thiic drfdng,tim gia tri ldn nhat cua: 


P = - 


■#+F+?+1 (a + l)(6 + l)(c + l) 

Bai 2. Cho a, b, c la cac so thrfc drtdng thoa man a + b + c — 3. Cluing minh rang: 

^ 3 


a 5 b 5 _ 

b 3 + c 3 + c 3 + a 3 + a 3 + b 3 ~ 2 


x,y,z > 0 


Bai 3. Cho l . Tim gia tri nho nhat cua 

I x + y + 1 = z 


F= - 


(x + yz ) (y + zx) (z + xy) 

Bai 4. Cho x, y, z la cac so thrfc duong thao man x 2 + y 2 + z 2 = 1.Cluing minh rang: 

yz zx xy 3 

x 2 + 1 y 2 + 1 + 1 - 2 

Bai 5. Cho cac so thitc a, b, c > 1 thoa a + b + c + 2 = abc. Chiing minh rang: 

, 3^3 


bcV a 2 — l + caVb 2 — 1 + abV c 2 — 1 < — abc 

Bai 6. Cho a, b, c la cac so thitc drfdng thoa man a + b + c — 1. Chiing minh rang: 
a(b + c) b(c + a) c(a + b ) 

Bai 7. Cho x, y, z la cac so thitc khong am thoa man x + y + z = 2. Chiing minh rang: 
2 (x 3 + y 3 + z 3 ) <2 +x 4 + y 4 + z 4 

Bai 8. Cho a, b, c la cac so thrfc khong am thoa man a + b + c — 6. Chiing minh rang: 
a 2 b + b 2 c + 4 c 2 a — babe > —4 

{ a, b, c > 0 

. Chiing minh rang: 

a+b+c= 1 

“ + 6 :+ 4 ± 4< 2 


Va 2 + b VO + c 2 

Bai 10. Cho a, b, c la cac so thitc khong am thoa a + b + c — 1. Chiing minh rang: 
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5 BAI TAP 


Bai 11. Cho x, y, z la cac so thilc dicing thoa man xy + yz + zx = 1. Chrfng minh rang: 

x 2 y 2 z 2 ^ 1 


y/x 2 +1 (y/x 2 +1 + x) ^j y 2 + 1 (^j y 2 + 1 + ^ V^TT (v^TT + z) 2 

Bai 12. Cho a, b la cac so thrfc drfdng. Cluing minh rang: 

2a 2 + 36 2 2 b 2 + 3a 2 ^ 4 

2a 3 + 3b 3 + 2b 3 + 3a 3 “ a + b 

Bai 13. Cho x, y, z la cac so thuc dudng thoa man xyz = x + y + z + 2. Chrfng minh rang : 


y/x + y/y + yfz< -y/xyz 

Bai 14. Cho cac so drfdng a, b thoa man dieu kien a + b = 2.Tim gia tri nho nhat cua : 

1 1 


2 + 6a 2 + 9a 4 2 + 6 b 2 + 9 b 4 

Bai 15. Cho a,b,c> Othoa (a + 2b)+ -) = 4 va3a > c.Tim gia tri nho nhat va gia tri ldn 

, , , , , , „ a 2 + 2b 2 

nhat cua bieu thrfc :P = - 

ac 

Bai 16. Cho cac so drfdng a, b, c thoa man ab 2 + be 2 + ca 2 = 3. Chrfng minh rang: 

y/a — 7 + y/b + 7 + y/c + 7 ^ 2 (u * — — c 1 ) 

Bai 17. Cho cac so thrfc drfdng a, b, c. Cluing minh rang: 

fh) + (d+) + (d+) - ¥ 

Bai 18. Cho cac so thilc x, y thoa man x 2 + y 2 — xy = l.Tim gia tri ldn nhat,gia tri nho nhat 
cua: 

F = x 6 + y 6 — 2 x 2 y 2 - 2 xy 

Bai 19. Cho x , y, z la cac so thuc dudng thay doi thoa man dieu kien : 

—I-1-7T <9(1-). Tim gia tri nho nhat cua bieu thrfc: 

x y z ( x + y + z ) 2 ~ v 81 xyz J 


P = 2(x 3 + z 3 ) + 2(y 3 + z 3 ) + 


( z + 3)(1 — z) 


Bai 20. Chrlng minh rang vdi moi so thrfc dudng a, b, c ta co: 

1 1 1 </ a+b+c 

2a 2 + bc 2b 2 + ca 2c 2 + ab ~ \ab+ bc +ca 


Bai 21. Cho cac so thrfc drfdng a, b, c thoa man a + b + c = 6. Chrfng minh rang: 

a b c > 3 

y/ (b + 2) ( b 2 — b + 2) y/(c + 2) (c 2 — c + 2) y/{a + 2) (a 2 — a + 2) 2 
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5 BAI TAP 


Bai 22. Cho a,b,c G (0; 1]. Chrfng minh rang 


1 1 13 

, + ^ > : 


Bai 23. Cho a,b G 11; - vacG 


a + 36 b + 3c c + 3a 3 + abc 
Tim gia tri kin nhat cua: 


r a ( 3 + 2 ^ r ^) +i, ( 3 + 2 ^ j T ^) +2 ' /3(3 ^ + ^ )+5 

2 y/ab + y/2c + 1 

Bai 24. Cho cac so thrfc x, y, z > 0 khcng co hai so nao dong thdi bang 0. Chrfng minh rang: 

V x z , nr lx 

-1-1-b 4.v2.W — 

z + x y + z x + y \ x 


xy + yz + xz % 


x 2 + y 2 + z 2 

Bai 25. Cho cac so thrfc drfdng a, b, c thoa man:a 2 + b 2 + c 2 + ab — 2 be — 2 ca = 0. Tim gia tri 

nho nhat cua : _ 

c 2 c 2 Vab 

(a + b — c) 2 + a 2 + b 2 + a + b 

Bai 26. Cho cac so thrfc drfdng x, y, z thoa man xy + yz + xz — 1. Chrfng minh rang: 

1 + x 2 ) \l + y 2 J \1 + z 2 ) 4 

Bai 27. Cho cac so thrfc drfdng a, b, c thoa man dieu kien ab + bc + ca = 3. Chrfng minh rang 
a + b + c as / a 4 + 6 4 + c 4 


+ f 


Bai 28. Cho a, b , c la cac so thrfc drfdng thoa man a 8 + b 8 + c 8 < 3.Chdng minh rang: 

n 2 b 2 C 2 ^ 3 

r+ 5—:—^ ~ 


(b + c) 5 (c + af (a + by ~ 32 

Bai 29. Cho cac so thrfc drfdng a, b, c. Tim gia tri nho nhat cua bieu thrfc: 

T _ 2 a 2 2b 2 3c 2 4a 2 6 2 

(a + b) 2 (b + c) 2 (a + c) 2 (a + c) 2 (6 + c) 2 

Bai 30. Cho x, y , z la cac so thrfc thoa man dieu kien x,y,z G [0; lj.Tim gia tri nho nhat cua 

P — (xy - y + l) 2 + [yz - z + l) 2 + (zx — x + l) 2 

Bai 31. Cho a, b, c la cac so thrfc drfdng thay ddi thba man a (b 2 + c 2 ) = b + c. Tim gia tri nhat 
cua bieu thrfc 

„ 1 1 1 4 


(a + 1) 2 (6 + 1) 2 (c T l) 2 (1 + a) (1 + b) (1 + c) 
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5 BAI TAP 


Bai 32. Cho a, b , c cac so thrtc dicing thoa man %b > a — c > ^b. Tim gia tri ldn nhat cua bieu 

5 5 

thiic: 

p 12 (a-b) | 12 (b — c) | 25 (c - a) 
cab 

Bai 33. Cho a, b , c la cac so thrtc dudng thoa man a + b + c = 3. Chrtng minh rang: 

ab + be + ca + 3 > a 2 b + b 2 c + c 2 a + 3 abc (1) 

Bai 34. Cho a, b , c la cac so there drTdng thoa man a + b + c— 1. Chrtng minh rang: 

2 2 2 1 1 1 2 

^+65 + ^+ 9 ^+6 + - + * 

Bai 35. Cho cac so there detdng a, b, c thoa man 9 (a 4 + b A + c 4 ) — 25 (a 2 + b 2 + c 2 ) +48 = O.Tim 
gia tri nho nhat cua bieu thilc: 


P 6 + 2c”^c + 2a”^a + 25 


Bai 36. Cho a, b, c la cac so there dudng thoa man a 2 + b 2 + c 2 < ^-Tim gia tri nho nhat cua 
bieu there: 

P = (a + b) (b + c) (c + a) + — + ^ 

Bai 37. Cho x, y la hai so there khong am thoa man x 2 + y 2 = 2. Cluing minh rang: 

x 3 9 y 2 

-1--— > 4. 

y 2 x + 2y 

Bai 38. Cho cac so there khong am a, b, c thoa man dong thdi cac dieu kien c > Ova a 3 + b 3 = 
c(c — 1). Tim gia tri ldn nhat va gia tri nho nhat cua bieu there 

p _ + f 2 

(a + b + c) 2 

Bai 39. Cho a,b,c G [1; 2] .Tim gia tri nho nhat va gia tri ldn nhat cua: 


(a + b + c) (—f - 4— 
\a b c 


Bai 40. Cho a, b, c G [1; 2] thoa man Aa + 2b + c = 11. Chrtng minh rang: 

33 1 2 3 11 

— < - 4 - 

10 -abc~ 2 


Bai 41. Cho cac so thuc khong am a, b, c thoa man a + b + c = 3. Cluing minh rang: 

(5a + b)(b 2 + 4 ca) < 80. 
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5 BAI TAP 


Bai 42. Cluing minh rang vdi moi so thrfc a, b, c sao cho khong co hai so nao c6 tong bang 0,ta 
luon co: 

a 2 + b 2 + c 2 \/cd> Vbc 


Bai 43. Cho cac so thrfc drfOng a, b, c doi mot khac nhau thoa man 
tri ldn nhat cua bieu thrfc : 

b c 


ab + bc = 2 c 2 


Tim gia 


P = - 


-b b - 


c c — a 


Bai 44. Cho cac so thrfc drfdng x, y, z thoa man 4 xy + 2 yz — zx = 25.Tim gia tri nho nhat 
cua bieu thrfc 

/ x 2 + Ay 2 2 


P = 


Bai 45. Cho cac so thrfc a, b, cthoa man 
thrfc: 


- + -yjz 2 + 4 xy 


z 2 + 4 xy 5 

a 2 + b 2 T c 2 = 6 

ab + be + ca = —3 


Tim gia tri ldn nhat cua bieu 


p = a b + b b + c b . 

Bai 46. Cho a, b, c la cac so thrfc drfOng thoa man a 2 + b 2 + c 2 — 3. Chhng minh rang: 

8 (2 — a) (2 — b) (2 — c) > (a + be) (b + ca) (c + ab) 

Bai 47. Cho a, b , c la cac so thrfc duong thoa man abc = 1.. Cluing minh rang: 

a b c 3\/2 


\/a + 1 vri'# 1 Vc T 1 " 


Bai 48. Cho a, 5, c la cac so thrfc drfdng thoa man a + b + c< Chrfng minh rang: 


P = - 


1 


1 


1 108 
~ ~ 5 ~ 


a — a* b — b 2 c — c 
Bai 49. Cho cac so thitc duong x, y , z thoa 

x 2 + y 2 + z 2 + 2 xy = 3 (x + y + z) 


Tim gia tri nho nhat cua 


23 23 

P = x + y + z-\— 7 == + - 


s/x + z Vy + 2 


Bai 50. Cho ac so thuc duong thoa 3 xy + 3 = x 4 + y 4 H-Tim gia tri ldn nhat cua bieu thrfc 

xy 

16 

x 2 + y 2 + 2 
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5 BAI TAP 


Bai 51. Cho x, y, z > 0 thoa man xyz = 1. Chrfng minh rang : 

1 1 1 


(x + \ ) 2 (y + z) (y + l) 2 (z + x) (z+l) 2 (x + y) 8 

Bai 52. Cho x, y, z la ba so thrfc khong am sao cho khong co 2 so nao trong do dong thdi bang 
Ovhx + y + z = l. Tim gia tri ldn nhat cua 


P = 


(x + y 2 z + yz 2 ) (y + z 2 x + xz 2 ) (z + x 2 y + xy 2 ) 


(1 - *) (1 - y) (1 - z) 

Bai 53. Cho a, b, c dudng. Tim gia tri nho nhat cua: 

P = Va + b + c + l +4 [ Jl + \ + Jl + ^ + Jl + 
ab V be V 


Bai 54. Cho a,b > 0, y/a + Vb = 2013. Tim gia tri nho nhat cua: P = a + b + Vab 
Bai 55. Cho so thuc dudng x, tim gia tri nho nhat cua bieu thrfc: P — x + —- 

Bai 56. Cho cac so thrfc a,b,c > 0 thoa (a + c) ( — + — ] = c > Ab. Tim gia tri ldn 

\a 2 b 2 J b 


nhat, gia tri nho nhat cua P = 


i + c — b 


Bai 57. Cho a,b,c la ba canh cua mot tarn giac. Chhng minh rang: 

1 


o. — 26 T 


a + b — c 


1 f 2 
c + Vc+1 


Bai 58. Cho a, b, c la cac so thrfc khong am . Chrfng minh rang: 

2 a 2b 2c 


3 a 2 + b 2 + 2 ac 3b 2 + c 2 + 2 ab 3c 2 + a 2 + 2 be a + b + c 

Bai 59. Cho a, b , c la cac so thrfc drfdng thoa a + b + c < 3. Tim gia tri ldn nhat cua 

ab be ca 

= + - 


\/ab + 3c Vbc + 3 a \/ca + 3b 

Bai 60. Chon x,y,z > 0 thoa man: x = y + z + xyz. Tim gia tri ldn nhat cua bieu thrfc : 

p _ ( z + z V*y ) 2 | 


(x + y)(z 2 + 1) (z* + l)y/^fi 

Bai 61. Cho a,b,c drfdng .Tim gia tri nho nhat cua 


P = * 


b I c ^ y/2 (a + b + c) 


b + c V a + c V a + b s/d) + ->/Ec + Vbc 
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5 BAI TAP 


Bai 62. Cho cac so detdng a,b,c thoa a 2 + b 2 + c 2 = 3. Chetng minh rang: 

1 1 1 n 2 a 4 + 5a 2 6 4 + 56 2 c 4 + 5c 2 

+ 71 + ~Tc “ 3 a 2 + 3 + 6 2 + 3 + c 2 + 3 } 

Bai 63. Cho ba so there detdng x, y, z thoa man xyz — 1. Tim gia tri nho nhat cua bieu there: 

p = xVx + yVv vVv + z^z z^/z + xjx 

x -f y/xy + y y + y/yz + z z+ yfzx + x 

Bai 64. Cho cac so thrfc khong am a, b, c thoa man a + b + c = 1. dicing minh rang : 

1 + 2a 1 + 26 1 + 2c ^15 

1 + 2a + 6a 2 + 1 + 26 + 66 2 + 1 + 2c + 6c 2 “ 7 

Bai 65. Cho a, 6, c > 0 thoa man a + 6 + c = 1. Chhng minh rang : 

a 2 6 2 c 2 < 1 

3a + l”^36+l”^3c+l — 18(a6 + be + ca ) 


Bai 66. Cho x, y, z la ba so there thuoc doan [1; 3] va x + y + 2z = 6.Tim gia tri ldn nhat va 
nho nhat cua bieu there : 

P — x 3 + y 3 + 5 z 3 

Bai 67. Cho cac so there deTOng x, y thoa man : x 3 + 2 y 3 = 1. Tim gia tri nho nhat cua bieu 
there : P = x 4 + y A 

Bai 68. Cho cac so there x,y thuoc doan [1; 2]. Tim gia tri ldn nhat va nho nhat cua bieu 
there : 

T = - - - 

x 2 + xy + y 2 

Bai 69. Cho cac so there detdng x, y thoa man dieu kien 2x + 3 y = 1. Tim gia tri nho nhat cua 
bieu tilde : 

P = 252x + 28 y H —— H— 
x 2 y 

Bai 70. Cho x-,y, z > 1 vh x + y + z = xyz. Tim gia tri nho nhat cua 

y-2 £-2 x-2 

x 2 y 2 z 2 

Bai 71. Cho x, y la cac so there detdng thoa man dieu kien: 3 (x 2 + y 2 ) — 2 (x + y). Tim gia 
tri nho nhat cua bieu there: 


+ (^d) 


Bai 72. Cho x,y,z E [0; 1] thoa man x + y + z = Tim gia tri ldn nhat cua: 


■2 O. n, 2 J- v 2 


X 2 + y 2 + 
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f x,y, z > 0 

) < 

yx + y + z = 1 


Bai 73. Cho ^ ’ w ’ ^ __ Tim gia tri ldn nhat cua : 

S = x 2 y + y 2 z + z 2 x 

Bai 74. Cho a, b , c la ba so thifc difdng thoa man a 2 + b 2 + c 2 — 3. Tim GTLN cua : 

P = a 3 + b 3 + c 3 — abc 

Bai 75. Cho x,y > 0 : x + y = 1. Tim gia tri nho nhat cua bieu thilc : 

P- 1 111 

x 3 + y 3 + 2 xy x 2 y 2 x 2 y 2 

Bai 76. Cho a,b,c > 0 thoa man ( a + b + c ) 3 = 32 abc. Tim gia tri ldn nhat va gia tri nho nhat 
cua 


P = 


a 4 + 6 4 + c 4 


(a + b + c ) 4 

Bai 77. Cho a, 6, c > 0 thoa man abc = 1. Tim gia tri nho nhat cua : 

P = a 3 b 3 + b 3 c 3 + c 3 a 3 — 6(a + b + c) 

Bai 78. Cho x,y,z > 0; xyz = 1, chilng minh 

(x + y) (y + z) (z + x) > A(x + y + z - 1) 

Bai 79. Cho x > y > 0. Chilng minh rang: 

+ 32^2. ^ + Ay > 24 
x-y x+2y 

Bai 80. Cho a,b,c > 0, a + 2 b 2 + c 5 = 1. Tim gia tri ldn nhat cua: P = a 3 bc 

Bai 81. Cho cac so thif khong am a, b, c sao cho a + b + c — 1. Chilng minh rang: b + c > 16 abc 

Bai 82. Cho cac so thifc difdng a, b, c. Tim GTLN cua bieu thilc: 

a b c 

P = -1-1- 

3a + b + c 2>b + a + c 3c + b + a 

Bai 83. Cho cac so thuc dudng a, b, c thoa man dieu kien: a + b + c + ab + be + ca = 6. Chilng 
minh : 

a 3 b 3 c 3 2 2 2 ^o 

——I-K — + b + c > 3 

b c a 

Bai 84. Cho x > 0; y > 0; x > y, z. Tim min cua: 

P^ X - + 2,[^+ y - + ^[^- 
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Bai 85. Cho x, y, z > 0 : xyz = 1. Chrfng minh rang: 

1 1 


1 


x 2 + 2 x + y + z y 2 + x + 2y + z z 2 + x + y + 2z (x + y + z) 3 

Bai 86. Cho cac so thrfc x, y , z thay doi thoa man dieu kien x 2 + y 2 + z 2 = 1. Tim gia tri nho 
nhat cua bieu thrfc . 

P = (xy + yz + 2xzf - 2 § -— 

(x + y + z) -xy-yz + 2 

Bai 87. Cho a, b, c > 0 va abc = 1. Chhng minh rang: — 1 + — 1 + — 1 + < 

1 

Bai 88. Cho x, y > 1. Tim gia tri nho nhat cua 


P = 


(x 3 + y 3 )-(x 2 + y 2 ) 


(x-l)(y-l) 

Bai 89. Cho cac so thrfc drfdng x, y, z thoa man: x 2 + y 2 + z 2 = 3. Tim GTNN cua bieu thtfc: 

„ (x + y + z — l) 2 1 1 1 

P = z —LTLJ--1-1- _ 

x 2 y + y 2 z + z 2 x xyz 


= .CMR: 


3>/3' ' y/ 1 + ( 2x - y ) 2 V 1 + (% - z) 2 


Bai 90. Cho x,y,z > 0 thoa man: xyz - 

1 < 3a/3 

v / l + (2z-x) 2 “ 2 

Bai 91. Cho a,b,c> 0 thoa man ab + bc + ac = 2abc Tim gia tri nho nhat cua bieu thrfc: 


P = - 


1 1 


' a(2a — l) 2 b(2b — l) 2 c(2c-l) 2 

Bai 92. Tim gia tri nho nhat cua ham so f(x) — (32x 5 — 40x 3 + lOx — l) 12 +(l6x 3 — 12x + y/5 — l) 2t 
Bai 93. Cho a, b, c > 0 va a + b + c — 3. Tim gia tri ldn nhat cua bieu thrfc 
P = (ya 2 + 1 + o') (yh 2 + 1 + bj (yd 2 + 1 + cj 


Bai 94. Cho x, y , z la cac so thrfc khong am thoa man x + y + z — xy + yz + zx. Tim gia tri 
ldn nhat cua bieu thrfc: 

M= 2(z + j, + z) 2 -2(x + ;, + z)+3 

e 3x + e 2y + e 2z 


x,y,z> 0 
x 2 + y 2 + z 2 = l 


p _ 1 y 2 + 2x 2 + z 2 x 2 + 2 y 2 + z 2 x 2 + 2 z 2 + y 2 

xy + yz + zx y x + 1 y + 1 z + l 
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5 BAI TAP 


Bai 96. Cho cac so thrfc dicing x, y, z thoa man x + y + z = 3. Chrtng minh rang: 

4x + 5 + 4y + 5 + 4z + 5 > 162 

x 3 + xy 2 + 3 xyz y 3 + yz 2 + 3xyz z 3 + zx 2 + 3 xyz ~ x 2 + y 2 + z 2 + 27 

Bai 97. Cho x, y, z la cac so thrfc drtdng thoa man xyz = 1. Chrtng minh rang: 

111 13 25 

—I-1-1-> — 

x y z x + y + z +1 4 


Bai 98. Cho x,y,z la cac so thrfc thoa: x + y + z = 0. Tim gia tri nho nhat cua 
\2x — y\ + |2 y — z\ + \2z — x\ — In \/l4(x 2 + y 2 + z 2 ) + 1 

Bai 99. Cho x,y,z la ba so thuc thuoc khoang f — ^ j .Tim gia tri nho nhat cua bieu 


y/4 — x 4 — 2 cos yz 4 — y 4 — 2 cos zx y/4 — z 4 — 2 cos xy 
Bai 100. Cho x, y, z la ba so thrfc thoa man x + y + z — O.Tim gia tri ldn nhat cua bieu thrfc : 
P = In (^\/l4 (x 2 + y 2 + z 2 ) + l) -(x 6 + y 6 + z 6 )- \2x - y\-\2y - z\ — \2z - x|-6cos xyz 
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6 PHU LUC 6.1 Ldi giai va nhan xet cau cut tri de thi dai hoc khoi A 2013 


C 


6.1 Ldi giai va nhan xet cau chc tri de thi dai hoc khoi A 2013 


i bai bat dans; thufc de thi dai hoc khoi A n 


Trong ki thi tuyen s in eyk«h 6i A,A1 4i§n ra vao Kghy 4-5 thang 7 nam 2013 vita 
qua,cau cut tri dude xem la mot trong nhung cau danh do va phan loai thi sinh nhat.Cho 
den thcii diem nay,co kha nhieu ldi giai khac nhau dude dua ra,cac ldi giai deu cd mot sU 
tinh y,kheo leo nhat dinh.Chinh vi the,horn nay toi xin dude tong hdp lai,trinh bay dd 


J 


hieu hdn va co doi chut nhan xet vc bai toan nay.NhUng 
nhan cua tac gia,c hif|l£ vljlkei yo ski M W MllsynH: liroanJ^^c-l iJ 


Jdeu chi la y kign ca 
jjopj y cua cac ban. 


[ Bai toan] 

Cho a, b , c la ba so thiic dudng thoa man (a + c)(b + c) = 4c 2 .Tim gia tri nho nhat cua 

bieu thhe _ 

32a 3 32 b 3 Va 2 + b 2 


P = 


(b + 3c) 3 (a + 3c) 3 


Ldi giai 1 (Ngo Hoang Toan) 

Th gia thiet ta co :(- + 1)(- + 1) = 4.Dat x = y — - x,y > 0 =>• (x + l)(y + 1) =4. 
Ta dua bat dang thiic can cluing minh ve tim gia tri nho nhat cua 


Ta co danh gia sau : 


32x 3 32 y 3 -- 

_ (3+^ + (3 + x)3 _ ^ +V 


A 3 + B 3 > ( A + B ^ 
4 


That vay, bat dang thiic tren tUdng dudng vdi 

A 3 + B 3 > AB(A + B) 

Ma 

A 3 + B 3 = (A + B)(A 2 + B 2 - AB ) > (A + B)(2AB - AB ) = AB(A + B) 
Vay nen ta co 

32x 3 


+ (a^- 8 (^ + ^b) 


(3 + y)' 

Ma {x + 1) (y + 1) = 4 => xy + x + y = 3. 

Theo AM — GM ta co 3 = xy + x + y < - — — + x + y^x + y> 2. 
Dat t = x + y, t > 2. Vay P viet lai thanh 
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6.1 Ldi giai va nhan xet cau cu’c tri de thi dai hoc khoi A 2013 


6 PHULUC 


= ^ - y/t 2 + 2t - 6 

Dat f(t) — (t — l) 3 — y/t 2 + 2t — 6 
Ma ta co 

(t- 1) 3 +1+1 > 3(t-l) do t 3 -3t 2 +3t-l+l+l > 3t-3 t 3 -3t 2 +4 = (t+l)(t-2) 2 > 0 dung do 

nen P > 3t — 5 — y/t 2 + 2t — 6 

Khao sat ham so tren va lap bang bien thien tren doan [2; +oo). 

Suy ra gia tri nho nhat cua P = 1 — y/2 khi x — y — 1 hay a = b — c > 0. 


Ldi giai 2 (Le Dinh Man) 

Ta dat x = - > 0, y = - > 0. Khi do, gia thiet trd thanh 
c c 


(x + 1) (y + 1) = 4 xy + x + y = 3 = 


Bieu thhe drfdc viet lai nhrt sau: 

P = 32 

De y: 


(y + 3) 3 (x + 3) 3 J 


xy = 3 — x — y 
x + y >2 


- y/x 2 + y 2 


• x 2 + y 2 — (x + y) 2 + 2(x + y) — 6; 

x 3 1 1 ^ 3x 

# (y + 3) 3 + 64 + 64 “ y + 3’ 

V 3 1 1 > 3 y 

(x T 3) 3 64 64 ~ x + 3' 


Suy ra 

P - 32 (^T3 + JT3”^)“ V(X + ! ' )2 + 2(:C + ! ' )_6 

= 3(x + y) - 5 - y/(x + y) 2 + 2(x + y) - 6 

Dat t — x + y > 2. Khao sat ham f(t) = 3t — 5 — y/t 2 + 2t — 6 tren [2; +oo) ta drfdc 
rmn[ 2 ;+oc )/(t) = 1 - y/2. 

Vay min P — min' 2 ;-oc) f(t) = 1 — y/2 t = 2 a = b — c > 0. 

Ldi giai 3 (Vo Quoc Ba Can) 

Dat x = y = -.Khi do ta co ,(x + 1 )(y + 1) = 4.Va bieu thhc P co the viet lai thanh 
c c 


32x 3 32 y 3 

(3 + y) 3 + (3 + x) 3 


y/x 2 +y 2 


Sh dung bat dang thrfc AM-GM ta co : 

32x 3 1 1 ^ 6x 32x 3 ^ 6x 

(3 + y)3 + 2 + 2 - y + 3^ (3 + y)* ~ y + 3 


t > 2 
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6 PHU LUC 6.1 Ldi giai va nhan xet cau cut tri de thi dai hoc khoi A 2013 


Tifdng til , 


Do do, 


32 a/ 3 


_ 6 y 

(3 + x) 3 — x + 3 


P > UA H—- \]x 2 + y 2 - 2. 


' y + 3 x + 3 

Tdi day,tiep tuc si'i dung bat dang thhc AM — GM ta lai co 

6a; 3 x(y + 3) 6a; 15a; — 3 xy 

-1-> Sx ->-. 

y+ 3 8 - y+ 3“ 8 


Danh gia tUdng tu ta cung co 


Do do ta danh gia drfdc 


6 y 15 y - 3 xy 

x + 3 8 


15a; - 3 xy 15 y - 3 xy , — 2 o 

P > ---+--- y/x ‘ 2 + y ‘ 2 - 2 

15 , .3 /—--— 

= y + y) - ^xy - y/x 1 +y 2 - 2. 

Bay gid ta co chu y rang gia thiet (x + l)(y + 1) = 4 co the viet lai thanh 
xy + x + y = 3 

Th do ta co xy-\-2^fxy < xa/ + x + a/ = 3, the xy < l.Dat t = xy o <t < 1 thi ta co x + a/ = 3 — t 
va 

x 2 + y 2 — (x + a/) 2 — 2xa/ = (3 — t) 2 — 2t = t 2 — 8t + 9. 


Do do, 


1 £ Q _ OQ Ol 

P < — (3 Vt 2 -8t +9 - 2 = —- —t - Vt 2 - 8t + 9 = f (t). 

O 4 O O 


/w=4 + - 


- l) 2 - 6t + S 


8 ^ 2 - 8t + 9 “ 8 

^ 21 4-t 21 

~~~ 8 + V-6f + 8 “ _ ~8~ + 

21 /3 n - 21 /3 

- “¥ + V2 n/I ^ < -J + 2 \2 <0 - 

Dieu do chhng to / (t) la ham nghich bien tren (0; 1] va ta thu ditdc 

P > fit) > /(l) = 1 - V2, Vt 6 (0; 1] 

Dang thhc xay ra khi va chi khi x = y = l,thc a = b = c.Vay min P = l — \[2. 

Ldi giai 4 (Tang Hai Tuan) 


Th xy + x + y = 3 = 


3 > xy + 2 y/xy 

4.3 < (x + a/) 2 + 4 (x + y) 


{^/xy- l) (y/xy + 3) < 0 
(x + y - 2) (x + y + 6) >0 
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6.1 Ldi giai va nhan xet cau cu’c tri de thi dai hoc khoi A 2013 6 PHU LUC 


xy < 1 
x + y > 2 


StjT dung bat dang thdc AM-GM cho 3 so dicing ta co , 


16x 3 16x 3 1 J 16a; 3 16a; 3 1 12x 2 

d+W + d+W + i ^Ad+sf'¥+W^ = ¥+W 


+ ;S4 + 7>3 


Do do 


16 y 3 _ 

(x + 3) 3 ' ‘ 4 : 


16y 3 


16 y 3 1 


P > 12 


L(j/ + 3) (x + 3) 
Sit dung bat dang thiic Cauchy-Schwarz ta co 


_ 12 y 2 

(x + 3) 3 (x + 3) 3 4 (x + 3) 2 


I - \ - yjx 1 + y 2 


12 (x 2 + y 2 ) 2 


i)2 (a; + 3) 2 J x 2 (y+ 3) 2 + y 2 (x+ 3) 2 

12 (x 2 + y 2 ) 2 
9 (x 2 + y 2 ) + 6 xy (x + y) + 2x 2 y 2 
_ 12 (x 2 + y 2 Y _ 

' 9 {x 2 + y 2 ) + 6.1V 2 {x 2 + y 2 ) + 2.1 2 
3[2 (x 2 + y 2 )] 2 

|.2 ( x 2 + y 2 ) + {x 2 + y 2 ) + 2 


3[2 (x 2 + y 2 )] 2 


-.2 (x 2 + y 2 ) + 6>/2 (x 2 + y 2 ) + 2 


\/2 (x 2 + y 2 ) _ 1 
\/2 2 


Dat t = -^2 (a; 2 + y 2 ) > x + y > 2 ta drfa ve tim gia tri nho nhat cua 


/(*) = 


!(2 + 6j + 2 V 2 2 ( 3 ( + 2) 2 


~k~o’ t£ [2;+°°) 


N 36t 4 + 28t 3 1 ; 

/<t) = W^'vi’ (:+00) 

, 12t 2 (9t 2 + 24t + 14) w . 

rW= ( 3f + 2) 2 >°- Vte < 2i+ “) 

Do do /'(t) la ham dong bien tren [2; +oo) nen 

36.2 4 + 28.2 3 1 25 1 

/WS/(2)= (3.2 + 2) 3 

Do do f(t) la ham dong bien tren [2; +oo) nen f (t) > f (2) = 1 — \/2. 
Ldi giai 5 (Dien dan mathscope) 

a + c v &+c . „ 

Dat x =-va y = - > xy = 4.. buy ra 

32(s-> 320,-1)° , 

(j + 2)3 + (*+2)» V 1 ’ (B ' ' 

Dat t = a + y. Theo bat dang thhc AM — GM ta co 
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6 PHULUC 


6.1 Ldi giai va nhan xet cau cu’c tri de thi dai hoc khoi A 2013 


32(z-l) 3 + l + l > 6(*-l) 


(:v + 2 ) 3 


22- y +2 ’ 


32(y ~ l) 3 1 1 6(y - 1) 

(;x + 2 ) 3 2 2 “ z + 2 ' 


Suy ra 

p>6pM + ?UT\_ 2 . 


" \y + 2 x + 2) 

Co 

x — 1 | y — 1 x 2 + x + y 2 + y — 4 

y + 2 x + 2 (x + 2){y + 2) 


2(t + 4) 2 ’ 

nen la P > 3(t - 3) - 2 - V^ 2 - 2t - 6 = 3t - Vt 2 - 2t - 6 - 11. 

Lai dung AM — GM ta co 

- t 2 4^2 t 


Suy ra 


9t 6^2 /- 

P > 3t- 7 = +-11 + 2^2. 

4^2 t 


Vi xy = 4 nen t > 4 suy ra 


M 6V5 = / 9 3 V 3 6^ 


4a/2 t 


4a/2 4\/2 / 4a/2 t 


.( 3 ® 4 + 2^4^ =12-3^5. 

V 4^2 4^2/ V 4 ^2 t 


Suy ra P > 1 — \f2. . Dau bang co xay ra khi a = b — c nen la min P = 1 — \/2 • 

Ldi giai 6 (Trung tarn luyen thi Thang Long) 

Trf gia thiet ta co + 1)(- + 1) = 4.Dat x — y = - x, y > 0 =>• (a: + l)(y + 1) = 4. 

c c ^ cc 

Ta drfa bat dang thilc can cluing minh ve tim gia tri nho nhat cua 

n 32 x 3 , 32 y 3 

{3 + y) 3 ^ {3 + x) 3 ^ X+y 

Ap dung bat dang thrfc phu 4 (u 3 + v 3 ) > {u + v) 3 vdi u, v > O.Dang thrfc xay ra khi u = v. 

Vdi u = —; v = —ta co 
y + 3 x + 3 

Dau bang xay ra khi va chi khi - 


Dat 
Ta co 


y + 3 x-\- 3 


S — x + y 
P = xy 


,dieu kien 5 2 > 4P 


r p>o , 

l P = 3 — s 
{ S 2 > 4P { 


S 2 > 12 - 45 


> S >2 
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6.1 Ldi giai va nhan xet cau cu’c tri de thi dai hoc khoi A 2013 


6 PHULUC 


Thay vao ta drfdc 

P > ^ 6 ] “ V-5 2 + 2,5-6 = (8- l) 3 - VS 2 + 25-6 

Dat t = S — 1 dieu kien t > 1. 


P>t 3 - Vt 2 + 4t - 3 = / (t) 

Xet ham so / (t) tren khoang [1; +oo). 

t + 2 n t + 2 


nt)=?>t 2 - 


Vi t > 1 nen ^/(t + 2) 2 - 7 > 2 =► 3t 2 - 
Suy ra 


\/t 2 + 4t + 3 
t + 2 


= 31 2 - - 


V(^ + 2 ) 2 -7 

t + 2 


_ > Q/2 _ 

v/(i +2)^-7“ V2 


/(t) > 3 t 2 _ j+g = ^ - X ) + 3(« ~ !) > 0 

v2 v 2 

Suy ra / (t) la ham dong bien tren khoang [1; +oo) nen 

P>f(t)>f( 1} = 1-V2 

Vay gia tri nho nhat cua P la 1 — -\/2 khi x = y = 1 hay a = b — c. 

Ldi giai 7 f dien dan mathscope ) Dat x — y = - suy ra xy + x + y = 3, lai co 

(rj. y\2 (g, y \2 

xy < -—-—— nen -— -I- x + y > 3 —>> x + y > 2 va xy < 1. Xet bieu thtfc: 

4 4 


2xy + 3(x + y) 


2xy + 3(x + y) 


_ 1 

x + 3 ' y + 3 xy + 3(x + y) + 9 xy + 3(x + y) + 3 (xy + x + y) 2 

Sii dung bat dang thtfc AM-GM cho 3 so drfdng: 


16a 3 


16a 3 1 12a 2 

j + t> : 


Hoan toan tUcing ttf: 


(b + 3c) 3 (b + 3c) 3 4 “ (6 + 3c) 2 

166 3 165 3 1 ^ 125 2 

(a + 3c) 3 + (a + 3c) 3 + 4 ~ (a + 3c) 2 


Suy ra: 


32a 3 


32 b 3 


(b + 3c) 3 (a + 3c) 3 
V 1 


Ttf-- H-^ ta co 

x + 3 y + 3 2 


> 12[- 


1 


b 2 1 

(a + 3c) 2 Jb-VScj 2 ~ 2’ 1 


b 2 


1 


a + 3c b + 3c 2 (a + 3c) 2 (b + 3c) 2 f 

a 2 b 2 1 ^ 

(6 + 3c) 2 + (a + 3c) 2 8 ~ 
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6 PHU LUC 6.1 Ldi giai va nhan xet cau cut tri de thi dai hoc khoi A 2013 


a 2 b 2 a 2 b 2 

(b + 3c) 2 (a + 3c) 2 (a + 3c) 2 (b + 3c) 2 
(a 2 — b 2 )((a + 3c) 2 — (b + 3c) 2 ) (a — b) 2 (a + b)(a + b + 6c) 

= (b + 3c) 2 (a + 3c) 2 = {b + 3c) 2 (a + 3c) 2 

Do x + y > 2 nen a + b > 2c do do (a + 6)(a + b + 6c) > 16c 2 . Mat khac 

(6 + 3c) (a + 3c) = ab + 3 c(a + b) + 9c 2 <3 (ab + bc + ca ) + 9c 2 = 18c 2 


b 2 


(b + 3c) 2 (a + 3c) 2 8 

(a — 5) 2 (a + 6) (a + b + 6c) 16(a — b) 2 4 (a — b) 2 

(5 + 3c) 2 (a + 3c) 2 “ 18 2 .c 2 = 81c 2 


Do do 




b 2 




JL (6 + 3c) 2 (a + 3c) 2 8 — 27c 2 

ab 

Lai co xu < 1 nen — < 1. Do do: 
c 2 

Va 2 + b 2 ^ _ y/(a - b) 2 + 2 ab _ ^ 




c 2 




-6) 2 


+ 2 + \/2 


.<M i(3 ) 

“ 2V2.C 2 ^ J 


Ttf (1),(2) va (3) suy ra 


Dang thiit xay ra khi a = b = c. □ 

Nhan xet: Bai toan nay chang qua la sit doi bien cua cac bat dang thilc de dita ve bai toan 
ba bien a, b, c chit that ra ban chat bai toan chi la viec giai bai toan hai bien ma thoi. 

Chung ta co the xet den bai tap titdng tit nlnr sau: 

Bai 1. Cho x,y e (0, ll thoa man dieu kien —I— = 6. Tim gia tri nho nhat cua cua bieu 

x y 

thdc : 

*=£7T + l&T + < fc+ »><* + *> 

Bai 2. Cho cac so thitc x, y > 0 va thoa man x + y + 1 = 3xy.Tim gia tri ldn nhat cua bieu 
thdc : 

3x 3 y 


P = 


y(x + l) x(y+ 1) 


1 1 

J.2 + y2 
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6.2 Mot so ki hieu dung trong tuyen tap 


6 PHULUC 


6.2 Mot so ki hieu dung trong tuyen tap 


M0T SO KI HIEU TRONG 

TUYEN TAP 


1. BDT 

Bat dang thilc 

(6.1) 

2 GTLN (max) ,GTNN (min) 

Gia tri ldn nhat,Gia tri nho nhat 

(6.2) 

3 Tong hoan vi 

J](a 2 5) = a 2 b + b 2 c + c 2 a 

(6.3) 


eye 
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